MATH 126 A/B — 22 Ochober 2025

PoweR SERIES
Mo.S‘l' ’.Mpor'l'ad’ examP’e'-

& n 2 3 ¢ 1
X = +X +X XX - =
nZ.o 1 1-x%

for -fexel

\Ale, Can o’o'l‘ain o'HleJ' PO\JQ" series L/ rep\abif\j o wi'H\ D'l'l\el‘
expressim\s. For e,xam'sle, Fep'ac& X with _xz._

— 1.“ M n
o) = Ta® = Lot ettt = o R -Lexed
n=0 hzo 14){
FACT: Pouwer series can be “ceatered! oF xza:
oo
Co + Ci (x-—a\ 4 cz(x—ay + c,(x—aY+--- = ch(x—ay\
NSO
Th this case, e interval of Converqeace is centered of x:za:
radivs: &
—A—
«—P~ { P—>
a-r a ate
qs
Ceats: O

Conclusion from e loc\j dc‘aIOJue on He worksheet:

£=f Here s a power series centered at =0 that
{90

n
[ X
n.

Converges o 'F(X), ten i+ hos . ke i

n=o

(\C(A‘(O) is the nth derivative of ) ewalvated at 'X=O)
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Power Series

1. Do not forget that, for —1 < x < 1:

oo 1 )

g " =1+x+22+2°+2* +2°+ - converges to (i.c., equals) T = (1—><) l
—x

n=0

(a) Can you figure out what this series converges to? < How is this related
to the series above?
Where have you seen

- 142z + 32° + 4a® + 5ot + 62° + ... na"=1 before?
der i\l’o\‘l'i\le.l,

d -l i AVAN -2 1
S5l = A1) = (1072 o
(b) Can you figure out what this series converges to? <¥ Where have you
seen Z- before?
P B B !
+—+—+—+—+—+ To sole for C, seb x-
ar\+ideri\/a+'iue,', 4 5 6 selve e & %=0.
Thea O =-h|1-0/<C, %« O=C.
5\—”&)( = -—lr\ 1- l +C/
2 3 )
So'- ')(+-2<?:+%+%-:1_(_._.: Z‘%(\:-_—_ __ln(l_x/
n=
2. Cleo: Hey, look at this weird series:
— 1 1 , 1 ; 1 , 1 s 1 6
;ﬁ (r-2)+5@=2"+3(@=2)"+(2-2) "+ (2-2)+(2-2)+..

Sundar: We have never seen one like this before. But it kind of reminds me of the
series in #1(b).

Group Chat: Why do you think Sundar is reminded of Z oy < Starts with “S”
n

and is 12 letters long.

SUBSTITUTION:  replace x with x-2

n

Erez: The interval of z-values for which Z — converges is —1 <z < 1. | e oD
n replace X wi xX-

n=1
Group task: Assume Erez is correct. Then: L> -l <«x-2 <1
(a) Determine the interval of z-values for which —(x —2)" converges.
; 1<x<3

(b) What number is at the center of that interval?
Tnterval of Cower\n]eaw'-

(c) What is the radius of the interval of convergence?

radios: 1
P Ve
e—PrrFAFAAAAAET—>
1 2 3
A
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3. Group Conjecture: If we used the ratio test to determine the interval of x-values

e¢]
for which a series that looks like Z cn(x — a)™ converges, the number at the center

n=0
of that interval would be
r=_ & .
ratio +Q$‘|‘ ( ) ) [rada'as of th
. Qael | _ Cpn [ X-2 " ) Cas interval of
n\-‘.':' “onl T 'L.o—m,\_‘ IIM :"('X—GBl = Cad'-l‘)(—al < 1 o+ |)(-;\.( < Convergence
Ceter of the
interval of auwae.qa_
4. Recall that| - arctan(z) = —
. Recall that|— arctan(x) = .
dx 1+ 22
Find a power series that converges to arctan(x). That is, find coefficients ¢, ¢y, ¢a, c3, . . . y=tus (%)
such that . N
n 2 3 1T — - =
Z " =cy+ T+ x4 cgx” + -+ = arctan(x) 2
0 Iy:ard'w\ ()‘)
for the values of x that allow the series to converge. + £ %
E 2
1
woslyt 1 —o +xt-xbendo = .- |-
From peeviously 1 X°+ 1ot for ~Lexel - :, T
3 s ?
. X X
Anti derivotive: ——3-+-X§--T+--' = arc+an(x) + C for -1ex<
3 S F
Set x=0: O"—Q""'O_‘Q—'f'-': arc{-a:\(O)+C/
3 S 7
O= 0 +C
O=C
T hese fore,
3 s 2 2a+|
_ X x> X A\ X for -
arctan (x) = A X X Ll = l r-1lex<l
() = 3 s T F° g( ) O+l
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5. A conversation that will change your perspective on mathematics:

Ava: Can you believe we now have power series that converge to all of these func-

tions?
1 1 1 1

l—x 1 — a2 1+ 22 (1 —x)?

arctan(z)

Milo: That’s REALLY cool. I wonder if you can pick any function f(x) and do this.

Sam: So if f(z) = sinx, are you proposing we should attempt to find a power series
that converges to sin z?

Milo: I am! Do you think there is a power series out there that converges to
f(x) =e?

Ava: I think you're crazy. But, the good kind of crazy. I will do this experiment
with you. So...you are saying that you want to TRY to get

2 3 4 5
0 .
f(z) equals co+ c1x + cox® + c32° + cqx” + ez’ + -7

Milo: Yes, let’s at least try! What is the worst that could happen?

Sam: Your idea could end up not working at all and then we would have wasted our
time!

Ava: Let’s at least try! Let’s assume your crazy idea works, Milo. Then, if we try
to let x = 0, we have to get

f(0) equals Co+l0f1'0+02'02+03'03+C4'04+C5'05-1-;)

|
2ero.
Group Chat: Oooh! Ava just figured something out about one of the coefficients
Co, C1,C2, C3, . ... What interesting fact did Ava uncover?

c. = £(0)

Milo: Well for this idea to work, at least we know that ¢y has to equal f(0). That’s
progress!

Sam: But Milo, you only found out what ¢y has to equal! You still need to figure
out what the values of ¢1, ¢o, ¢3, etc. are equal to.

Milo: Oh yeah...and there are infinitely many of those. I am starting to lose hope.
Ava: OOOOH! Don’t give up yet! Let’s take the derivative, and then plug in x = 0:
Starting point:  f(z) equals co+ c1x + cx® 4 c3x® + cyxt +cs2® + - -
Take the derivative: f'(z) equals c1 + 2¢ox + 3c32? + degx® + Sesat + -

Now let x =0:  f'(0) equals C1+L02’_"0—i63'02+04'03+05'04+"‘

—_—

2ero!
Group Chat: What did Ava just discover about one of the coefficients cq, ¢1, 2, c3, .. .7

¢, = £'(o)
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Milo: WOW! Now we know what ¢; would need to equal. Let’s keep doing this
procedure!

Group Chat: What do you think Milo means by “let’s keep doing this procedure?”

Diffecentiate, Hhea <et x=0.

Sam: OK! Now take the second derivative, and then plug in z = 0:

From before:  f'(x) equals 1 + 2¢9x + 3esx? + degx® + Sesaxt + - -
Differentiate again: f”(z) equals 20y +2 - 3czz + 3 - degr® + 4 Besa® + -

Now let x = 0:  f"(0) equals 2c, +2-3c3-0+3-4cy - 02 4+4-5¢5- 0%+
Ze_fo!

Ava: Now we can solve for cs.

Group Chat: What does ¢; need to equal to get this all to work?
l _ |
f'(oy=2 Ca, So c, =5 £'(0)

Group Task: Try using the third derivative with x = 0 to solve for c¢3. What must
c3 be equal to in order to get this crazy idea to work?

WC“'(A EQ\AaIS 2:3cy + 23YHeyx + 3-4.5¢s .

“’(OB ﬁfwa,s 2+2 ¢ +2.3.ch.0+3,({_5C$.01+._,1

28ro ‘

SO 'F”I(Ox = 6 Cz, \,J’/\:CL\ means = _é,,p"'(oj

Group Discussion: Take a guess at what ¢4 must equal. How can you generalize
this procedure in order to solve for ¢,? What must ¢, be equal to in order to get this
to work?
( \ — Y\'H‘ derwa{we. of 'F(X
[,

('O) edalwated af x=0
n v

Ch =

. Use what you learned above to write down the first several terms of the power series
that converges to f(x) = sin(x).
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