MATH 126 A/B — 3 December 2025

FURINI’S THEOREM:
I'p' F(x,y) is a continuous function on - tHe
r8c+an3\e, R= [a, 'o] X [C.,o(], Fhen

ﬂ flwy) dA = frf(mﬂ dx dy = Fjd{(’%’) dydx.

R a™S

YOLA can id-ejra{'e./ (Or yDu Con ;A'I'Ejra{\e

0% \Cirs’r, fhen Y- ¥ ‘Fir&‘)/ Hen x.
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7. Sketch the solid under the graph of f(z,y) = v4 — 22 and above the region R = [—2,2] X
[0,3]. Then evaluate the following integral.

/ VA= 22dA

R

(See, Monafa;/’s notes for  Hhis 5°(M+.‘or\)

8. Sketch the solid between the graph of f(z,y) = 1 —y and the region R = [0,2] x [—2,2].

Then evaluate the following integral. < Why does this
problem say
“between” instead of
//(1 - y) dA “under"?
R
2
3

\olume above the

‘xy, P\ane, COMI\"'S

positive’ /‘L vz N
e \ Uolome  belows the xy- plane
x C ts neqative’
3 OlVJ\ J
— T e 1002

Velume = § 3)3)(@) =1 AP

Therefore, ﬂ‘(l_y;,,m - 9-1=9%
R
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We 0!04 ']l know A
Hrmula Hor the volome Iterated Integrals

under  fley) = xley? /—\

1. Goal: We want to evaluate / / 2 + y ) dA, which equals the volume underneath the

graph of f(z,y) = 22 + y? and above the rectangle R = [—2,2] x [-2,2]. < R is the rectangle
of points (z,y) where
(a) Suppose that c is simply a constant and f(z) = 2% + ¢2. Write down and evaluate the :g E z E g and

integral that gives the area between f(x) and the x-axis for —2 <z < 2.

fron= ()b o] = (508 0)- (500

-2
8 6 :
:,-——+2C:L+ /3_+2C = "'(—(C’
3
. 20, o 16 2
(b) Ava: OK, this means that (z* +y*)dex = 3 + 4y~
-2
Milo: What, you computed a definite integral. Isn’t the answer supposed to be a

number?
Group chat: How would you answer Milo’s question?

\All'\e,n you |‘A+&jro~+a with resped’ %, your aaswer

C,an"" hove on % but it con L\ave a }/ in [+.

(c) Ava: That must mean that the actual volume underneath f(x,%) = 22 +%? and above

the rectangle R is given by
2
16
/ (— + 4y2) dy.
2\ 3

Group chat: Do you agree with Ava’s statement? Explain.
2

‘F(XIY)ZX-IT)'Z Slice He volume b lofs of fhin  slices,

slice has volume PuPeAJ:‘culor b He yfmz.'s, of Hockness &y,
16 1 b 2
(—3—1—‘{),)&7 anL slice hal volome (T +qy ) Ay'
"- 4 Add vp Hhe uolmes of the slices and lef 2y 0,
2 3‘7’, ad He okl volomg is \[ (l‘;"‘qyl) d/-
x 29

(d) How can you evaluate // (2% 4 3?) dA?
R

jg (#+y) dA = JJz (¥4y?) doedy —~j

2

2
J_ (s") dy 4

-0 /.
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2. Now we want to compute / / dA where R is the rectangle [0, 1] x [—3, 3].

Let’s play a fun game: split your group in half (or as close as you can get).

(a) One half of your group should compute the double integral this way: / / 71 dx dy
x
\ wet 3 3 w2 3 3
waer in’rejml'- S —r j L da = Jz-ln[v.\ \ = J{ (IA(ZS-L(l)) = 7 l;(l)
© * u=t

o= x4, dus 2vde .

3l o3 3 31,.(1) _|L(_2)_ q}\,::S_“(l) C e\
owter .‘.»kjmlf jj%‘dﬂd)’:J \/——i’"dy: g 7 , —T(S'(Q)—O

z-3
370 -3

(b) The other half of your group should compute: / / dy dx < Do you notice the

3 "1:2 difference?

3 y=3
3 x
. X 4 X 4 \
4 n I‘Al: \[\ ——-—L_'d = _————y :—~(3 —('3\) =
e hj Ly XEl 7 4yl y=-3 q(x2+) O
| L p2 " ("
outer imjrejml' R dydy = O d« =0
el !
o Vo3 o
(C) Which half of your group had more fun? < | guess it depends
on your definition of
“fun.”
I Honk Par+ ( b) was  easier.
3. Evaluate // x cos(xy) dA, where R = {(z,y) |0 <z <7,0<y<1}. < Does the order of
R

integration matter?

IF we M%m{t with respect 4 x fiest, we Wl have 4o do
{n\'ejm\'ior\ by ports. S lets try n‘A!-cjmf.’a wth respect to oy fiech

\H’X-C»s(x» dA = E\L;-COS(xy) aly dy = Lns-‘n(x\ dx = -m(x)

R | S

¥ inner u\*@\’ ral

S xaslo)dy = si ("7)

= - o)~ Losel) = -ED-E) = 2

y=i

= Sia (X\ ) (0) = St (x)
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