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Double Integrals over General Regions

1. Our goal is to find the volume underneath f(z,y) = 2% +y? and above the triangular region

T formed by the z-axis, the line x = 5, and the line y = z.

(a) Sketch the region T e
A
A 7
Yy ¥
g
“
Y=X~
—gey=C_ | T o
I 2j3 49 § Y=

(b) Draw a slice parallel to the y-axis through triangle T. Let x be the value at which

your slice crosses the xz-axis. What are the minimum and maximum values of y on
< Your answer should

your slice of triangle T'7
have an z in it.
& <y< X

(c) Write an integral that gives the area below the graph of f(x,y) = 22 + 3 and above
the slice you drew in part (b).

X
J (ey)dy = |¥y+ 5 73]

(o]

=X
Lrag AL
= (xz(x) + 3‘()(3 )—(szOB + 3(03 ) = _%_ X3
=0
(d) What are the minimum and maximum values of z at which you could have drawn your

slice in part (b)?

(e) Now integrate your result from part (c) over the range of z-values you found in part
(d). How can you interpret this new integral?

S/ px S ; 4
(1 1)0( _ y = ___’_‘(XS__;S—({——Q—:_EZE—
X4y7)ay dx = | Fx dx = X o 3 3 3

D (o) -0

0

(f) Use what you found above to rewrite the following double integral as an iterated
integral with actual bounds of integrgtion.

//(x2+y2)dA:
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2. Evaluate the double integral / / (r + 2y) dA, where D is the region bounded by the
D
parabolas y = 222 and y = 1 + 22, by following the steps below.

(a) Sketch the region D. vz 2%
y=l+x
(h2)

(b) In order to evaluate the integral, we must first write it as an iterated integral

b rga2(z)
/ / (x +2y) dy dx
a Jgi(z)

Determine the x values for when the two parabolas intersect. These values are a and
b.

ZXZ: 1_”(1 Mmeans Xz::'l/ o x=1*t1.

Tker\: a:_—i 0/\0( b= i

(¢) What are the inner bounds of integration g;(z) and g2(x)? You can now write the
double integral over D as an iterated integral.

Uﬁoer bouad: ﬂ"(x): 1+x?
lower  bouad: (\‘j\QXS: 2 x*

(d) Evaluate the iterated integral by integrating the inside integral first and then the
outside integral last.

b plex? l
J\J‘ (X+2)’)AA = S 5 ()H’Zy} 0(7 dx = \J\ (‘3Xq-><3+2x.‘+x+i)dx
D -1 QL{/\) -

Xz _ 32

-3 s 1.4 2.3 1 ]
= | =X -gx-FX +gx+X =
[S 4 3 2z e o1 ,S—

‘/={rx1

rorddy = Jore o = (xow) = 0] = () (o)

:(x+x3)+ (l+2x‘ +X") - (Zx3+ L{x") = -3ty e Dutexe 1

l4x?

T nner ‘m’reﬂmF j

2x*
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3. Sketch the region whose area is given by the iterated integral

4 Ve
/ / 1 dydzx.
0 JO

Then find another iterated integral whose value is equal to this integral, but with the order
of integration dz dy. Show that both integrals yield the same value.

y=1\x

slice
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4. Let T be the triangle with vertices (0,0), (0,4), and (2,4). Evaluate the double integral:

[[esna
” (xay)dA = ”q (x+y) dy dx = f:(-qxhqwz)Ax
T

oV2x ,

= [—‘;' )(J.p sz-l- 8X]: = ’_}(2)3_‘_2 (z)"-+ g(z) = #32

nner i-\\'eﬂm[

(b= BT e e ) 1) ot

5. Find the volume of the solid under the plane z = x 4 2y and above the region bounded by

y =2 and y = z*.

o Yy
——
[
-1 11 2
[Tx“-%x‘%k’]o =9TTt3
1 _ A2
g - 033

\nher in ‘]’eﬂr‘a l

y=x

2 s
. (X "xl)-(xs-fxg) = —xg—x +25t
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