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ART  GALLERY PROBLEM

gup\aose, on am" Sa”&\/ hos o -F{Oor flal\ MJJ«((’/ 10/ o 'oal)«jol\,

A j\;a“] ocCugieS A S.'l\j[e, Pm‘/\f-' and can  see  in Sfrl;jl\"‘
bres 4o He galey alls

N
\Z )

—
e

1 adord 2

L He pblyso,\ hos N sdes,  what s fhe smallest  numbo~
of 9\mr,x5 jum+eed t  covg~ it eﬂﬂf‘@{/?
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Art Gallery Problems
MATH 261 Computational Geometry

Suppose an art gallery has a floor plan modeled by a polygon. A guard occupies a single point and
can see in straight lines in all directions to the gallery walls.

Question 1: If the polygon has n sides, what is the smallest number of guards guaranteed to protect
the gallery? Try to find “bad” polygons — n-sided polygons that require “lots” of guards as a function
of n.

N

—

3J Suamls are Necessary '@r Some. r’I—JQI\S and
soffclent for  all n-gons

Question 2: Suppose that a certain placement of guards can see all of the walls of a particular gallery.
Can they necessarily see all of the interior?
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Modification 1: Do your answers change if guards may only be stationed at vertices of the polygon?

Modification 2: Now assume that the art gallery is an orthogonal polygon — that is, all corners of
the gallery are right angles. How does this change your answers for Questions 1 and 27

NUN\berS o‘p +v*fa/\julmﬁons of  convex n—ﬂonsf

1, 2,5, 4 42, ...
LH\& Catalan  numbers
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An Art Gallery Theorem
MATH 261 Computational Geometry

Theorem: To cover a polygon with n vertices, |n/3| guards are necessary for some polygons and
sufficient for all of them.

Proof that |n/3] guards are necessary:
Describe a family of polygons that shows this.

e)‘ﬂ"?\b'l COASFJQJ— '}‘Le 'FaM;l)/ o‘\E PolyJont

04 This folydot\ has
. - . [ \ A 3a .s)deS,
e o °© o IS n “s‘)'l ke.f’; oﬁd

Fequires N jum“-

Proof that |n/3] guards are sufficient:

Let P be a polygon with n vertices. We know that P can be triangulated.

Show that each vertex of P can be assigned one of three colors so that any pair of vertices connected
by an edge of P or a diagonal of the triangulation have different colors.

; |
oK nt 0K oK

Bas& CJS"‘ I'F n= S/ +hea p s o 'l'r“nJ)e/ Se olor  each
veky o fiffeert color.

Tadvction Assume the shlemet bilds  for f:o‘y ons  oF n-1 vortices.
Since n>3, e kasw Het P has  on  ear, obsc.

RQnsv(»J Aake produus o Po\yao» P| uith -1 vetices.

B, e ndoddivg  hopeltess, P'ocon ke 3-colored.

Re@\au. soky b and cder }IFQM-H)/ Hor a ad C-

To complete the proof, explain how the least-used vertex color gives a placement of at most [n/3]
guards that cover the polygon.

Sie  gadh  Hringle has  a  vekx of  eadh b, guards placed
on all  vertices of any sfeci('h. color  Will  Coser e Fdff'\'

Tl"-b ]egﬁ' \.ued C,o/ul‘ a)apc«rs on a7L most L%-’ \;a-#fces.
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o\oHor\a( problems t  think  about:

Choose one of the following problems to think about with your group.

Orthogonal polygons: How could you show that |n/4| guards are necessary for some and sufficient
for all orthogonal polygons?

Algorithms: How could you program a computer to find a placement of at most |n/3| guards that
cover a given polygon? Suppose that the polygon is specified by a list of (z,y) coordinates of its
vertices, in order around the polygon.
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