;l jal\dah/ Q—OZS_

Af'l- Oa “07 ;ll 3 D

PoLYHEDRAL  VISIRILITY PRoBLEMS

A quord  occupies o pont ond can see  in all
d;rCLHO/\S 'I’D Hhe wa”_& o'lc o 'ool)«heo(ro/\. Whaf'

COA‘FI\S\)MVI';O/\S c‘p' J\)N‘O‘S caa Lee au Fo"l\"'_s n  a j;l/e/.
PolYk(iAt‘W\? Whoat S the minimum  Mumber  of gduro(g?

Some Results:
- If 4 Polykwlrw\ 15 +6+M14e0!P&/fzaUe, Hen j\mm(x at

vertices Con cover it.

» The  Schonhordt  polyhedron  is  at  fetrahadralizable,
](m"' \[e)"fex Sqara(s ,5'1’4” CovesS l?L,

¢ SOML POI/}@JM ar ;Mpo&slble ’fb CoVer uiH\ \]kax juarok

. Somp, POI/I’\(,A”O I»;HA n \ijHC&S req}uim a num‘oef O"D
j\)o&l‘ds Propori'u'onol to n &_"T
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A DissEectIoN st PD\ p £ ot Poh o Fhite

Nuw ko~ oF smalle~ fb/joz\s

Polygons P ad O ae  SCISSORS  CONGRUENT i

P con ke dissested nte F.) Fz/ - ﬁ\/ Which  can  be
reassenb led B)/ Franslahons  and  rotations B Krm Q.
(
<lide
Ndte:  caunst 'Hif He preces  over (n., re-F/eoHW\_s)

Q\)&Sﬁon? IF P0|730n5 P ad QO lae te

Same. area, - are ﬂre/ scissors Condrm"'?
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Scissors Congruence
MATH 261 Computational Geometry

Question 1: Is every triangle is scissors congruent with some rectangle? Find a proof or a counterex-

ample.

es.

: \

Question 2: Are every two rectangles of the same area are scissors congruent? Find a proof or a
counterexample.

\ICSI'

\,04’ Rl and Rz be fCC'{'W\j‘eS'-

h,

W,
¥

%. E i kz‘ E" !
L, L

ASS JMme '

hy< b < 4, e f, <2,
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Question 3: Suppose polygon P is scissors congruent to polygon @, and @ is scissors congruent to
polygon R. Is P scissors congruent to R? Find a proof or a counterexample.

YQS! O\/@ {ﬂ/ bn%\ /(\SSQO'HO/\& D(\'{\o Q

PR

Question 4: Let P and @ be polygons of the same area. Are P and (@ scissors congruent? Find a
proof or a counterexample.

S kb{‘blﬂ ° 'é‘ P roof *
Tri an j olate P Eoch ’Niw\v] le is  scissors Coﬂljf‘%*
'1\7 Semp Mo{'MJle. Rea rrmJ.‘Aj Hhe re.e—fwglu ) P 13

Scisors (‘,st INT)NS ’i\o a r ¢o{'°o:’l.e R .
/‘\[so R s [RATS ' CwJNeA'f t &

So P and & ore  SCeisgors l‘»njnm#.
Wellace ’%olyai— Gesvein T heorem J
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Does a4 . similar Hheorem. hold i SD? Hilbeis

Hird
.]:F- +LJO PO()’ ’\eAm kau& -)‘\e Same \Ioldl"lal PI‘DH@A
are -‘(‘\Q/ $¢;$$ors w’:ﬂ rdeA+? (l‘!bo)

Dovd Hilbet (100

3. TrE EqQUuALiTY OoF THE VOLUMES OF Two TETRAHEDRA
oF EQUAL BasEs AND EQUAL ALTITUDES.

In two letters to Gerling, Gauss * expresses his regret that
certain theorems of solid geometry depend upon the method
of exhaustion, ¢ e., in modern phraseology, upon the axiom
of continuity (or upon the axiom of Archimedes). Gauss
mentions in particular the theorem of Euclid, that triangular
pyramids of equal altitudes are to each other as their bases.
Now the analogous problem in the plane has been solved.t
Gerling also succeeded in proving the equality of volume of
symmetrical polyhedra by dividing them into congruent
parts. Nevertheless, it seems to me probable that a general
proof of this kind for the theorem of Euclid just mentioned
is impossible, and it should be our task to give a rigor-
ous proof of its impossibility. This would be obtained, as
soon as we succeeded in specifying two tetrahedra of equal
bases and equal altitudes which ean vn no way be split up into con-
gruent tetrahedra, and which cannot be combined with congruent
tetrahedra to form two polyhedra which themselves could be split up
into congruent tetrahedra. |

Hl'”aef{- wantx  an Qxa,,‘]l.g, of  hee  Fedrehodra of

ho ~same volume Ht  ore ot scisgers - Canqwent
Ancwered  1a 103! Lay Dehn

Pr\\o\(’,,»\ also pro (m.f&! Ly KrQ‘I'-ous)Ll A | 662—/ So/ded L)j
Rirken may e
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dikeda! ongles oF e
ae ol 10" o L radies
Scissors Congruence in 3D
MATH 261 Computational Geometry

Let P be a polyhedron and let e be an edge of P. The dihedral angle at edge e is the interior angle
between the two faces of P that intersect along edge e.

Question 1: What is the dihedral angle along any edge of a regular tetrahedron?

Qltitude

™

1
25 2z
w = T =TT -
=5 e 3
& 2
0 (\ Q—QI'cons(L_-;)
bost 7\ Jeon ——
X - % 70.53°
2Lz
‘. WTE: B s nob & pabonal
4 m.,\r:?h. of T

fy'(s /ra'H‘”l:
Let f: R — Q be any function such that:

(a) f(z+y)=f(z)+ f(y) for all z,y € R,
(b) f(gx) = qf(x) for all ¢ € Q and x € R,
(c) f(m)=0.

Question 2: If ¢ is any rational multiple of 7, then what can you say about f(6)?

9:%71- eﬁ’f‘ Some, {/@@
Then {\‘(9): AF("LW) = I—F(ﬂ = QO -0

&" ‘l[:)nd'fb/\

For any edge e of a polyhedron, let £(e) be the length of e and ¢(e) the dihedral angle at e. Call
l(e) - f(p(e)) the mass of edge e.

’t‘ a A- ‘F\)Abﬂan

De(P) = 2 () #(4()

edge,

The Dehn invariant of a polyhedron P is

-
Not-e afz'ae/la[Mw on He
d)- 'lev\c,‘f:bl\ 'F'
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Theorem: Let f be any d-function. If polyhedron P is dissected into P;, Ps, ..., P,, then

Dy(P) = Dg(P1) 4+ Dg(P2) + - 4 Dg(Pn).

Proof: Lot e, be on eJdZ in "H\Q dissectin o T
ﬂw& ae 3 wsys fhat ¢ cen appen !

(D e s codamed in an  ede of P

Let Ne} be the Aihubv( “’tj“ in ‘P,
wi b 0@, ba(e) o, b)) be fe died

and\e; in dhe  distecbon.

for Q) E(06)) o+ £(0le) | = \ﬁ/(f(j@ —
-

ore jl"m{ P

1 Sssecti
So the mass of gd;sz z\ 15 U""L“Jeﬂt L/ discec Ron .
(-'Z’\ e 'S Confaired in o face of P

’ﬂw,\ —H\e, Som 0\[ the, masses of e,zﬂje, e, s ﬂ(e).{(ﬂ:oﬂ
(3\) e i3 contaired  a the | afes ior of P

Aaa.'n, )@(ex 'F(-Z"T) = 0.

Question 3: Let P and @ be polyhedra, and let f be any d-function. If Df(P) # Df(Q), then can
P and @ be scissors congruent?

No. T P oad Q. ace SCiSSONS C,OAJA)@\,+/

Hhon #te,)/ mustk have Dg (F) = D{- (@)

Question 4: How does your previous answer imply that a cube cannot be scissors congruent to a
regular tetrahedron?

D_p (CUL){) = D
De (”G' mwm\ = £ 40 F(mm (%\> # O

Q"J, (_,I/Loo.s(, 'P SJoL\ ‘)‘Lal’

'F (Cl fcCos (’é\) = /_(_
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