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Polyhedral Rigidity
MATH 261 Computational Geometry

1. Complete the proof of the following lemma.

Lemma 1. Let G be a planar graph with edges that are 2-colored. Then there is a vertex v of
G with at most two color changes in cyclic order around v.

Proof: Suppose that at every vertex v of G there are more than 2 color changes in cyclic order.

(a) Why must be four or more color changes at each vertex?

le VW"‘“L‘-O’” 'o'F Cyc“(, colsr Ql\MJCS most be guen.

\ 2
So/ lNol*Q, e 2 fneans Yy or | Mere.

(b) Let ¢ be the total number of face angles incident to edges of 2 colors. We will bound ¢ in
two different ways. First, why is 4V < ¢?

E\)fry vvm[ex has at }em" q Color (,LMd(s.

(c) Second, let fr be the number of faces in G with exactly k edges. Why is

c<2f3+4fs+4fs +6fc +6f7+---7

C’,\/ éZQZ) ‘\‘L(’PL/ “(D'ps ‘("X Fé + (O '{C7 + -
(d) Given your previous answer, why is \'E Same

632(3£3L+@+5f5+§;f§_+---)—4(f3+£+f5+f6+...)?

doubl@ Coont ot dobal o4 o
all edjej of  fegc

ce2( 2¢e ) -4( F D

(e) Explain how this gives an upper bound on ¢ in terms of E and F'.
g/ £ ¢ =2 YE -4 F
(f) Explain how you now have a contradiction, which proves the lemma.
UV ¢ Ue -4F
VekE-F

\/’ E'f'/: < O Contrad e Eolers ‘!Qr,wla
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SfHGR (CAL Po LYG’OU: A pe ()ldon or Yhe Surfrw
of a SP»‘QJ‘C ] Its  sides are arcS o v

gr eot circles.

SPUERICAL CONVEX CHAIN:

TA‘(Q a Convyx Sf}\d‘ic‘( 'oolrJM ard remoye aa CJJC-
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2. Draw a picture illustrating the following lemma.

Lemma 2. If a spherical convex chain is opened by increasing some or all of its internal angles,
but not beyond 7, then the distance between its endpoints is strictly increased.

3. Complete the following proof of Cauchy’s Rigidity Theorem.

Theorem. If two convex polyhedra are combinatorially equivalent, with corresponding faces
congruent and similarly arranged around each vertex, then the dihedral angles at corresponding
edges are the same.

Proof: Lét P and P’ be convex polyhedra that are combinatorially equivalent, with correspond-
ing faces congruent and similarly arranged around each vertex, but not congruent.

(a) Color each edge e of P blue or red if the dihedral angle at e is larger or smaller, respectively,
than the its corresponding edge of P’. (If the angles are the same, then don’t color e.) Let
G be the subgraph of the 1-skeleton of P containing the colored edges.

Why is there a vertex v of G with at most two color changes in cyclic order around v?

G lﬁ ,/\é ;-( by Lemma 1.
LT
P P!

(b) Let S, be a small sphere centered at v. The faces of P intersected with S, form a convex
spherical polygon (). Similarly, the faces of P’ intersected with a small sphere centered at
v’ form a spherical polygon Q’ What is the same about @ and Q’'? What is different?

Q ard & have arcs mﬁ
@ dertal l@\ji""s 'n the gome
! ocker,
A'\\U Could be d:ffpent.

(c) If there are no color changes around v, what contradlctlon can be derived using Lemma 27

Q ]:\L \/D\J lacose o// av\JLQ’ a &/
Some  gre must ﬁ‘el— ’DAO#'

(d) If there are exactly two color changes around v, what contradiction can be derived using
Lemma 27
Q

Bl
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