Math 262 — 8 November 2019

1. Aninterviewer is given a long list of people that she can interview. When asked, suppose that each
person independently agrees to be interviewed with probability 0.45. The interviewer must conduct

ten interviews. Let X be the number of people she must ask to be interviewed in order to obtain ten
interviews.

(a) What is the probability that the interviewer will obtain ten interviews by asking no more than
18 people?

X s neﬂa‘HVL binemial rv  with p= OHS  aad r=10.

P(X «18) = prkinom (8,10, 0.45) = 0.2527

(b) What are the expected value and variance of the number of people who decline to be interviewed
before the interviewer finds ten who agree?

- - _ _lo
E(X-10) = e(X)-10=1% - 102 225

Var (X‘lOB = Vor (X} = —(—_llo(;iq(::’s- = 2716

2. Let X ~ Geom(p). Find the expected value of %
X ‘Au; mass ‘FU/\L‘HO/\ lo()() = (I'}O)X"r 'gr' X = 1, 2, 3/-. B
Then E(%J - i _9'5 ('“FBX‘(P = ()

X= p-1
NG
l = . 1
TO See ‘H\?S} start L\)\H/\ the G@’M&N‘L Serves 2, r~ = 1~

Injreﬂmﬁc both sides, and do some a(ﬂebr‘a.
Or‘/ UL, Mathe matica  or \/\Iol‘(ram Alr)&xa o evaloate He cum.

3. Suppose that X ~ Exp(3), and let Y = | X | denote the largest integer that is less than or equal to X.
For example, | 2.1]=2,1599| =5,and | 14 | = 14.

(a) Is Y a discrete or continuous random variable?

Possible_ values of Y ae O 1,23 -, So N is discrete.

(b) Find P(Y < 1).

P(Yf 1) = P(x<2)= LlSe’sux = -é“i—- 1-¢°20.99475
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(c) Find P(Y = 2).
P(Y-2) = P2sXe3) = [Taomey = - 2 oo

, — & "¢ x0.0023

(d) Can you generalize? What is P(Y = n), for any positive integer n? Is the distribution of ¥ one of
the distributions that we have studied in this course?

P(0e0)= Pl e Rered) = [ = -6 = 200 & (-2)= (1)
where p= 1-¢2
This Is almf* the PM'F of a jeome'l-m‘c_ random variable.

Ia fuct, Y+1 has « %eomeh—ic disteibution  with p= 1-¢3

4. Let X ~ Unif[0,1]. Compute the nth moment of X in two different ways.

(a) Use the formula E(X™) = fol x"dx.
nel ] 1

E(Xh) = \S\; x" dx = ,;x“ ~ n+l

o

(

(b) Use the moment generating function My(t).
t 1
e

My (%) = €
1 € t=0

F EEO

29, " T 3
Recall ot ef = 257 = Lot oh Ao

n-1

)
_szs, s a  peuer ser{es/ [\/\X({\ = é%

w0 n e —i"
RQ'”\AQXI'V\S) N\XL%\: nzzvj (fn\'. = Z)m—l “nl -

o

>

Tl\e, wefCient of _{—n— in  the pove serie¢ s E(XA)) Se E(XV\> = L

n ntlo-

5. (a) Give an example of a nonnegative continuous random variable X such that E(X) < oo and
E(X?) is undefined. (e.g., E(X?) diverges to ».)

_3_
One e,xawf\g i< X with Pohc \C(XBZZXS/L for x> 1.

(b) Give an example of a continuous random variable X such that E(X) is undefined. (e.g., E (X)
diverges to .)

1
One QXAM]O,Q B K with pdf f(x) = 20 e x2 1
Ano ther exaMP\e s Yhe Caucl\}/ di st ribution (Ioo\n i+ U{’)-
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6. Choose a point uniformly at random in a unit square (i.e., a square of side length 1.) Let X be
the distance from the point chosen to the nearest edge of the square. Find the pdf of X.

Frct, find the  df of X T¥s helpful do drao a pictue
T xe[0,4), tfhen:

F(x) = P(X <x) = (1-2x)" = Yx - Ux®
Thes, the paf s

L) = ER6)= Alk-9)= 4-8x & Oexzi.

P(Xix) i this area.

7. LetY have pdf givenby fy(y) = 2(1—y)for0 <y < 1.
(a) Find the density of U = 2Y — 1.
U= 9 (\[)/ Where 3(\/) 2y-1.
Since q is ronotonic on Dey<el, we can apply the  Transformation  Theorem.

The iaverse of g i (W= Y for -1 cu<l
The density of U i the,:

£ (0)= A ) W) = 2(2-%)

o

(b) Find the density of V = Y?2.

|-u
2

L
2

’G’ ‘1—&4&

V = 3(\{>/ \'J)"ef'e j(y): 72/ WL;(L\ N3 MOI\D‘]‘oy\ic on O-‘}l c j_,
So ue can OfPly the  Transformation  Theorem.

The inverse  of q s h(ﬂ:E fr OD=vel <o the density of V oise
For)) | 16)) = 2(1-w

%_l ’cbr OS’\}S:L

=—'—_.
\W 1

W

(1

fulv) =
fo (v)
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