Worksheet Solutions
MATH 262 « Day 9

1. Let X be a random variable with pmf given by p(4) = 0.3, p(5) = 0.2, p(8) = 0.3, p(10) = 0.2.

(a) What is the expected value E (X)?

E(XB = 4(03) + 5(0.2) + g(0.3) + 10(0.2) = 6.6

(b) What is E(X2)?
E(®)= 4*(0.2) + 5'(0.2) + 8(0.3) + 10°(0.2) = 49

(c) What is Var(X)? Hint: use the shortcut formula!

Var (X) = E(XY) - (X)) = 44~ 6.6™ = 5.4

(d) Suppose the random variable is part of a game in which you win 2X — 8 dollars.
LetY = 2X — 8. What is the pmf of Y?

v | O ya 8 12
P () \ 0.2 0.2 0.3 0.2.

(e) Use the pmf of Y to find E(Y), your expected winnings in this game.

E(Y)= 0(0.3) + 2(0.2) + 8(0.3) + [2(02) =52

(f) Use the pmf of Y to find E(Y?), and then find Var(Y).
E(Y*)= O°(0:3) + 2(02) + & (03) +12* (0.2) = 43.9
Vor (Y) = E(Y?) - (E(®)" = 42.8 - (s.2)* = 21.76
(g) How is E (Y) related to E(X)? How is Var(Y) related to Var(X)?
F(Y¥)=2E(X)-¢ and Var (Y) = 2% Var (X)
Expected value is linear, but varimnce s not!
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EXfcc.‘\'eal value is ln’near, but variance s not |

<7 ™
E(AX*E)): aE(X)«-L \/W(GX {—LB‘:— al \/W(Eg)
E(o‘F(X) - LS(X\ +<,X Za E({(X»+ LE(J(X)B-&C Caxey, = la("x
sy (WK +b) = E((xes}) - Efxes)®

= E_(AL)(*' 2abX "'L’lz) - (0 E()(\* LY.
= = (B - ER?) = a Ve(X)

Chebyshev's Inequality: Let X be a discrete random variable with mean u
and standard deviation ¢. For any k > 1,

1
P(|X - u| = ko) < =
In words, the probability that X is at least k standard deviations away from

) ) 1
its mean 1s at most 2z

2. Verify that Chebyshev's Inequality holds for the random variable X from Problem 1,
using the value k = 2. That is, check that P(|X — u| > ka) < k_12

Note Hat o= (544 = 2,23

Thus, we have'  u=6.6, =233 ad k=2

(/OI\ Sid?/f': POX‘66| 2 2.(233)) 262406 25464
/—\_/\/\ /\/%
_ Gwe ' — me>
- P(lX—é)_él 2 %.66) m-20 =1.Y )4:6.4, m2e =1.26

=P(X <11 o X=1026
=0

N —

Shee P('X_M'ZZG):O/ which is  less Hhan E{z_:'#./

Wwe see ‘H’la"’ Clr\elo/glqey’_s ine&tua“"’/ l’lou-ﬁ il\ 'H\;S case.
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3. The number of equipment breakdowns in a manufacturing plant averages 4 per week,
with standard deviation 0.7 per week.

(a) Find an interval that includes at least 90% of the weekly figures for the number of
breakdowns.

Apply  Chebyshe's  Tnequality with k that solves 35 =01
T_}\m" 1< I(: Jl? = 3(6

. i
/’—‘ protetility < 3z e wank
Prokability > 1-45 \L 1-5 2049

M““ oy = k* =
A AAAY e

M-ko M Mrke

Chek)zslne,yls Ine{uam/v then <ays:
POI%-4] 2 316 (09)) = P(1X-4] = 2.21)
P(X<179 « K=6.2() 01

\l

nke the CoMlo'emen‘l' +o FI.P the ineaLua/H-/'.
P(1.79 < X< 6.21) > 0.4

So the interval (179, 6.21) includes of least 902 of
the numbers of Weekly break downs.

(b) A plant supervisor promises that the number of breakdowns will rarely exceed 7 in a
one-week period. Is the supervisor justified in making this claim? Why?

From P°r+ (a)} Wwe  See that 90%  of seeks have less +han
# break downs.

We can do even beHer £ e ap,o)y Chebysheu's Ine@ua“/ wth k=5
PUX—‘!} 25(0.7)>= P(X £05 Xz?.s) = F(X=O)+ P(X>7) sg’z

So P(X>7)%45=004

Thus, the Probak;/if‘/ oF more than 7 breakdouns in a  week is

not jrea+€r ‘Hl\ar\ 0.04. The supervisor’s claim <eems \'}us-i—](:ied.
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BONUS: When flipped, a certain coin comes up heads with probability p. Let X be the number
of heads in n flips of this coin.

(a) What is the probability distribution of X?

o) = ()P ™ b o
N

-V~
/)\ proboobility of any Pericular Sequence of

x lheads and n-x tails

number of Sequeaces oF % heads ard n-x tails

(b) Show that E(X) = np.

E(X\ = ; X C‘\} P’ (l‘f’\m% 2 o (A x)| p ((l—p)mx

(t\ l 7(' n-x
—V\FZ ‘v(r\x (l P} ) l-l—
[ \'\: ’)(—i

l'x"

© '\‘0 A=\
=hy Z e T (l F) -

-oJ(,\

=np Z( ' (1-py
e y\ Jl J L):f\ovvual H\@of‘@m
=np (p+(2- ﬂ
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