Worksheet Solutions
MATH 262 « Day 20

1. Let U ~ Unif[0,5].

So Pd‘p s ‘F(M\z_é on [O,S]

(a) What are the mean and variance of U?
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(b) Let V = 3U + 2. What are the mean and variance of V/?
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E(V)= E(20v2) = 3E(M2 = 36952= 15 (y.0) = 0vu(X)
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(c) What do you think is the distribution of V? Why?
I‘F U s un'err‘ml)/ distributed on [0,5] , a/\c( we FéSCale Hhis

inter val Iinear,)/ to I:l, '7]/ ten it seems That V=3U+2
Should  be ur{ncormly distributed  on ):2,|7],
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2. (a) Let X ~ Unif[A4, B]. Use the mgf definition to show that the mgf of X is My (t) = {
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(b) Write down the mgfs of U and V from problem 1. How can these mgfs verify your answer for 1(c)?

1 4=0
The, ,,I@C of U from problem L is: /V\U<Jc)= -1 i £ 40
St

Since, V=3U+ 2, He Mﬂ‘F ‘Fer‘ \/ is:
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Note +hat MV(Q is the MJ‘F for Uni‘F[Z; l7].
Tkus/ \/"'Un]{:[’]_l 17]

3. A stick of length 1 is split at a point U that is uniformly distributed on (0,1).
(a) What is the expected length of the leftmost piece?

The leftmost piece s from O t U, <o it has 'er\an U,
and  its exloed'ed lenjH\ is E(U)

2.

(b) What is the expected length of the longest piece?

The +uvo ]engH\S are U and 1-U,

so the 'enjHﬂ of the lonjcs+ piece IS may (U, l-U),
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E(MN((U, 1- )) = Lmax(u, l-u\).
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We could also QPPPOX;Ma+e, His result  via  simulotion:
ni1s)= longest[] := Module[{u},

u = RandomVariate [UniformDistribution[{©, 1}]];
Return[Max[u, 1-u]]

]

n21]= Mean[Table[longest[], 10000] ]
outjz1)= ©.747895

(c) What is the expected length of the piece that contains the pointp, 0 < p < 1?

1-U & U<y,
Lt Le(U) =4 U % usp
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Thea E(Lp(U)) = Llu(u)-uu—- f@‘“\’)‘“x“‘“ - [ _]Pb]rl
(L) (5%) = popet

Observe that E(Lr(())) is  moaximized  when )0=%_.

BONUS: Let X be a random variable that takes on values between 0 and c.
(a) Explain why E(X?) < cE(X).
[ C
Sinee %t 2cx  for  xe[oc], E(XZ) = SD x (<) dx < L ox fdx = c E(X)

E)
0

Var (X) = E(X)-E(X) ¢ c E(X) -E(X) = E(X)(c- EX))
- [s. <89] L o]

(c) Establish an upper bound on a(1 — ) and conclude that Var(X) < %

(b) Use part (a) to show that Var(X) < c?[a(1 — a)], where a =

Note  that d\(l“d\v tokes a maximum  \alug of % when 0’@5‘:‘

Therefoce, \/af'(X) ¢ ¢ [Ok(lw(ﬂ = %
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