Worksheet Solutions
MATH 262 « Day 32

1. Let X and Y have joint density f(x,y) = %for 0<x<y<?2

(a) Sketch the joint density of X and Y.
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(b) What is the marginal density of X?
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(c) Suppose you know that X = g What does f (g, y) tell you about the density of Y, given that X = g?
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(d) Suppose you know that X = x,. What is then the density of Y?

1
Th His Case, Y ~ Unif [ xs, 2]/ So “fox(VlX°> < 5_7 I Xo &% <)

(e) In part (d), you found the conditional density fy, x( y | xo ) How does this relate to the joint
density f(x,y) and the marginal density fx(x)?
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(f) If X =2, then what is the probability that ¥ < 1?
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(g) What is the expected value of Y given that X = x,? mean of Unif [xe, 2]

z 2z 7:7‘ . \)
E(YIx=n)= | v bl y = | ygmag = L[ o 2o
< %3 L‘,/ (\x(‘/lx 4 ,X:f 2-90, 1 2(2_%)“/ - = 2(2-%) >

2. The joint pdfof X and Y is f(x,¥) = 3x,for0 <y < x < 1.

7
(a) What is the conditional distribution of X given Y = y? 1
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(b) Whatare E(X | Y =y )and Var(X | Y =y )?
1 L x=1
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L g ! oy
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3. For continuous random variables X and Y, show that E(E(X | Y)) = E(X).
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4. The number of eggs N found in a nest of a certain species of turtle has a Poisson distribution
with mean 1. Each egg has a probability p of being viable, and this event is independent from
egg to egg. Find the mean and variance of the number of viable eggs per nest.

rvs: N~ Poisson (V) X = number of visble eqqs ~ Rin (N, p)
mean:  E(X) = E(E(XIN)) = E(Np) = pE(N) = p A
VE\&ZM: N p >
vartancet Vo (X) = Vor (E(XIN)) + E(Vor (XIN)) = Var (Np) + E(Np(1-p)
= P Var (N} + p(I-p) E(N) = FN«p(-p)N = P -ph=ph = pA

BONUS: If X and Y are independent binomial random variables with identical parameters n
and p, calculate the conditional expected value of X given that X +Y = m.

Fif‘S“', COM'QU«'I'Q' \H'lé, Cor\d;J’)Onal PMF o'p X Iji\/e/\ ‘H’m” X+Y= m.
P(Xk ad X+Y-m)  P(X=k) P (Y= n-k)

P(X=%| X+Y=m)=

P(X+Y = m) P(X*Y=m)
_ (rl:) Pk (1_)0)"“‘ : (""n’k) FWk (1")")"-"”‘ Br the denominator, note that
) X~ nlonr)

)6
™
-H\fs S a L\/rerj@om;}-rfc Pro'omLiIhL/f H\e, ProbaLIlfﬁy O‘L k SUCce s35es n a
Somple  of size M from a population with N successes and 1 £ailures.
So  the C,oy\oUHor\o.l distribution of X/ 3'\\/6/\ Hat X +Y= m, s lqyperjeomdr;c/
and ifs mean is  E(X | X+ Y= M>= %’
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