Worksheet Solutions
MATH 262 + Day 34

1. Let random variable X have one of the following distributions. For what distribution of iid

\g random variables Y;,Y,, ..., Y, isitthe casethat X = Y; + Y, + - + V,,?
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A (b) X ~ Gamma(a = n,B) Y. ~ Exp (X ( ) Gmu—. x=1, ﬁ)
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X s approx. normal  when & is large.

~ Pojsson(A = n) Y' ~ Poisson (1)

is approx. normal whepn N s ]arje'
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(d) X ~ NegBin(r = n,p) Y; ~ GeOM(P)

X ois approx. normal when ~ s larqe.

2. Customers at a popular restaurant are waiting to be served. Waiting times are independent and

exponentially distributed with mean 1/4 = 10 minutes.

(a) What is the probability that the average wait time of the 50 customers is less than 12 minutes?
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(b) Use a normal distribution to approximate the probability that the average wait time of 50
customers is less than 12 minutes. What limit theorem justifies this?
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3. Suppose you flip a fair coin lots of times. What does the Law of Large Numbers say about
the numbers of heads and tails you will observe?

These r\umbers Y\w&'\' a‘oPr\oagk 5079 01C ‘H‘lé V\UML)er o’P 'Hip&.

4. Let X4, X,, ..., X;, be iid random variables with an Exp(A = 2) distribution. Let 4 = E (X i).

(a) What is the distribution of T,,? What is the value of u?

T ~ Gamwa(o=n, = %) = E(X) =5

Tn __

(b) In R or Mathematica, write a function that computes P ( B ul > E) for any given parameter

values n and €.

Fer P([B-al=e)

[

1= P([R-tlee) = 1-P-e« Bt <)

1—P(—2——r\£ <Ta< 3 +n £>

(l

R-_ wlln <- 'Functioh(n, eps){
1 - (pgamma(n/2 + n*eps, n, 2) - pgamma(n/2 - n¥*eps, n, 2))
}
Mathematica:

n n 1
wlln[n , e ] :=1- Probability[— -nxe<Th< — +n%e, Tn ~ GammaDistribution [n, - ”
2 2 2

(c) Make a plot of P ( In ,u| > 0.0 1) for values of n between 1 and 10,000. What limit
theorem does this plot illustrate?
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(d) What is the smallest n such that P (|TT" — ,u| > 0.01) < 0.01?

B)/ +rial  and error, we ’lCInJ V\=/6/58q‘

5. Suppose that a fair coin is tossed 1000 times. If the first 100 tosses result in heads, what
proportion of heads would you expect on the remaining 900 tosses? Interpret the
statement "The law of large numbers swamps, but it does not compensate."

We exped' sboutr 450  heads in the remin}nj 900 +tosses.

Af\/ 3}ven O‘oserVa«‘Hor\s do ot d\ar\j& the Pr\ababllif-}es for later tosses.
Houever, even a  very unusual sequence of heads will ke I'n&ijr\hffcan‘l' in

the lonj ran  as  the Propcr%ior\ of heads uill Converge to —'2
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