Worksheet Solutions
MATH 262 + Day 36

1. Suppose that X; and X, are iid Unif[0,1]. LetY; = X; + X, and ¥, = X; — X,.

LI XY
L -1 %] |
Linear transformations map Pam“@loamms to parsllelograms.

The \oo'nrﬁ‘ (X./ XJ lies n a square.  Let’s see

Maps this square:

(a) Find the region of possible values of the pair (Y3, Y,).

Note thot the Fransformation is linear: [

where  the  Fransfor mation

Y ’\/,_
X T
L
( ) (O/ O\) — (OI O) (Y.,Y,)
X\,X; is in here
is in here ('1’ 0)\—_) 0-/ 1> — .
(1,1)—(2,0) !
(0,1)—(2-2)
° 1 %
-1t

(b) Find the inverse transformation functions v; and v, such that X; = v, (Yl, Yz) and X, = v, (Yl, Yz)

o S TR
Thvert the trancformation matrix: L1 :[z 1}
1 1

A e Y (A p .

2.
(c) Use the transformation theorem to find the joint pdf of ¥; and Y,
) J p
v v i
Jacobian matrix: N\= g ;; = i _l‘
oV, 3. PA 2
So dali)e £D)-LE)= %
The \.]o'mf' Jensib: of \{. and Y. i
. l
ﬂ(v.,yl) = 1{:(”. (“1.,%5, \h(v.,%\) ’ (de‘r (MBI =1- {:_f =z

on the FeﬂTOY\ found i qu"’ (a)

Day36 Page 1



2. Let X; and X, have joint density f(xl,xz) = x—zlx—z forx; > 1landx, > 1.LetY; = X;X, and Y, = }1.
142 2

(a) Show that the region of positive joint density for ¥; and Y is givenby 1 < Y} andyl1 <Y, <V

Note that may be any value vz L.

X 7~
'(L(X X\>O F"" any Lixed value ylzj_:
\l z
here * the volue y,,:%zt Is smallest if x,= 1, Meanins 7’_:_71_"
o +he wvalue “/,_: % is lar3e5+ o Xa= 1 mean'm& ‘/z"' Y-
Lt —>
Th 3 the reqion of ositive Tep
% e ] P
1 — M .\\ofr\f Jev\s.'i-)/ for \(l ond Y,

1S bou'\ded by
v21 and :;Tf%i"/,.

(b) Find the joint pdf of ¥; and Y.

Find the iaverse transformation:

Vs (0= xE) o0 X=JT% The
Yo XX 2 Y,
T{: = é = X;_ ) SO X)_ = ’Y: —n\us
The Jacebian Matrix:
Tﬂz_ r
205, 2(v. ¥, -

M= B P so def(MS: ;}ﬁ%‘

”ZWL 27 {2

The Transfoemation Theorem Says*

) W\ =L ] 1 1 1
g(vu“/z%“c(m)yvt) szl‘@'izm for
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Let (X,Y) be a random point in the plane, where X and Y are independent standard normal random
variables. Let (R, ©) be the polar coordinates of (X, Y). Find the joint density of R and ©. Then find the
marginal densities of R and 0. What is the probability that the point (X, Y) lies in a circle of radius 1
centered at the origin?

R= X"V, ©=arctan(¥)
—
XN TRk9

X=R'ws0, Y=R sn&

Transformations:

(x.y)

~sin@

Reaionf

X and Y may be any real nambers, s Rz0O and 0:O<2r.

Toin')' DQI\SH’}"‘ N(O,]J has \od'(: L %

" % 1 W
1 2
>< Oﬂd Y are ‘]r\depey\def\'\—} <o ‘F(X} -y) = ——\‘7—'; . — e P

Hy,y)= e by

2

From the video for today, the Trancformation theorem qives

60\)952 1C<_I"Cp_&9) F'Sin9>' r

1 —(r2cos?® + 2 ;nle)/
Thus: 3(?,9) =5-e (v = Z.n

r -0
406)= 57 €”?  fu 20, 020<2n

Marj’\nal densities’

O ~ Unif [0, 2]
20 _"_1. -rz =9 l
of & 39(9):50'2%&/7"&‘—‘ “2’1;&/‘r= =| 2% for 026:=Zr
2r - ‘r‘/L - -rz ©:2n __,}/L
O\C R Sr@): L 2r € do = 2. e ee:o =lre L r20.
R has a Rayleijk distribution
Inside circle:
l = *f‘l r=| _
P(R<1) = L redr = —e | = 1-e% = 0393
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