End-of-Semester Review Solutions
MATH 262 « Day 38

1. Let ¢(x) = af (x) + Bg(x). Under what conditions on the constants a and g will the ¢(x) be a
pdf for all possible pdfs f(x) and g(x)?

S'mce, £oand q are PO(\CS"
D20, qb)z0, [ fRdx=1, ad [ gbddx =1

I‘F O(‘F(x\‘\'ﬂa(')(\ $ a Pd‘p, "For all PoSS:}oIQ_ P"('Pi 'F(XB and ﬂ(x>/
F omust be that x20, 20, and:

1= J:(ohf(x} + 53(x3 Ix = N_fw-F(%)/% + p fwwg&)au S

So O<+£:1,

2. Let X ~ Exp(A), 0 < s and 0 < t. Since X is memoryless, is it true that (X > s + t) and
(X > t) are independent events?

MeMor‘y\ess Propgr‘ryi P(X >s+t ) X >t> = P(X> s)
Since P(X>s> s P(X> S+%), ue hove
P(X>s+’c l S{>{> # P(X> S+'(:>I

So He events Ass+t  and X >+t are not independent.

3. Let X1, X3, ..., X10 be iid random variables denoting bids on an item that is for sale in an
auction. The item will be sold to the highest bidder. If the bids are independent and
uniformly distributed between 10 and 30, what is the expected value of the sale price?

Each X'l has PJF 'Fx(x):' zl_o ond cd¥ E<(K.)= lx;: for 10 =x 230

Y, = max(}(_;) has  pdf 3.0(7) = 10 [Fx(y)]q&(y\ - 10 %‘:T% _ (y-10)°

2 (20)"

be* 10 ¢y <30,

Thas, E(¥) = [ o -9 _ 30
S ( \ Jla'\/ 2 (oo dfy = e
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4. Suppose B and C are iid Unif[0,1]. Find the probability that the roots of the equation
x? 4+ Bx + C = 0 are real.

-Rt {R*-4C

The roots are  x = which are real iff RT-YC 0,

2 /7
or ectuivalenHy/ C = B: _ T
Then F(real romLs) = P(C < %) ' -
= ” LdA = Acea (R) o
R
= E %7; db = % 5 1 y

5. Alina makes 100 flips of a fair coin, and Dennis makes 99 flips of a fair coin. What is
the probability that Alina gets more heads than Dennis?

Let A be the number of heads +hat Alira gets i the first 49 dlips
Let D ke the umber of heads Hhot Demis gets in 11 #lips.
Let q=P(A>D). By symmetey, 4= P(D>A) dlso.
Then P(A=D) = 1-24.
After 91 oin flips, Alina still gefs o more coin Flip.
Ths, Aina gets more heats than Deanis  # A>D o (A=]> and
Minas  last Flip s heads).

Sen \D(A];M 9)e+5 more  heads than Dev\f\is) = 9" (]_—2()-%-

_—.CL+‘Z—CL = %
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6. X and Y are iid Unif[0,1]. What is the probability that the closest integer to % is even?

Y, \=2x
(a) iY_ Is closes‘J' b zeco §'<‘IZ, or 2X<Y. 1 ( 2
= Qe
PaX< )= e
(b) f k is a Pog’nt}\m imLejer/ Hhen lY(‘ is T L

- Yk~ X Yk +l
C[oses+ +o 2k \'P 5 <7< > -

Ykl X kel ) <£><, 2« \ _
P(z Y“‘i>—P ‘-Ik+l<\f<‘i\<—t>_’-|k~l Tkl

Comlgiy\{y\j Par+s (a} and (bB} We  hove

P(ir\)rejer closest %f’ Is even) = T[(‘* Z(Qﬁ - qm) <— Mathematica

Can tell youw

R R this s

TR o

¢ \ - o
This sum i 1-7.

(Wr”'e ‘H\b 7:7/01- series ‘E,— anc{-m\(X) af X= %r)

(

| (
=g *3

)
s T7

~L+1—1;— - 5-m

=3 = =3
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