sgpk,ww 10, 22y
Math 39¢

DEFINTION:  Given any sobset SCRR o fusctia £ S @

.IS Contirvoss a¥ a ?ein"‘ ac S e o €J€/‘/ 2>Oj there
S$>0 soch 'H\O"L

€%tk Some

| £G) £ < & uheewr |3l < S

Y
A 'R)n(."‘:\/\ 'F’- S—_’R is 1 f(")
Cortinoous  1F g ,
CW\HM/OQ} at Q\Ie'y '°°:\f\+ ‘A S —((a_)"
~
—? x

<" Thm OQC{:-II\;'{';OM are ‘F\rom Rea( AI\Q l)/S-'S-

If\ "}bPOIOJ)// we  wont 4o -H\r‘nk aL,o,A('
('))J\'\';I/\U\I'"}/ in  Fecms D‘F opea sets.
Ld‘; sSee »\ovo to Ao -Hma‘f
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Open Sets in R
MATH 348

For today, all of the sets we consider will be sets of real numbers

1. Give an example of a set of real numbers...

(a) ...that is neither open nor closed. —— @ ratinals [0/ 1)

(b) ...that is both open and closed.
e«,%; <ef: Q i Lm'l'l\ o‘o-e/\ ad t.[ased Nste: gj 'S open in FR e

-H«L alQ‘F;A-"" ion b‘ﬂ opel\ CFafe
4 in te -Le,d’} is \ja(uous’/

R s beth oper and ¢ [xced o

2. Give a proof or counterexample for each statement.

(a) The union of any collection of open sets is itself an open set. — FFopasition 24 in He fext

(b) The intersection of any collection of open sets is itself an open set. — Felse-.
/(c) The intersection of any finite collection of open sets is itself an open set. Here is a
oot oA Countrexa le.
ern)d’ P4 o7 & “f
(
o Net)-6 ey
1=t 1 ® 33 3 1
M- open
3. If f: R — R is continuous and A C R is open, is f(A) necessarily open? N o. Hore, ace some
W 4 counterexamples.
..F

=~

L LY Y
L A ) X
f(A)=12
‘c(A\z {‘13 olosecﬂ, - optn (AJ f{/ ‘]
4. If f : R — R is continuous and A C R is open, is f~1(A) necessarily open?
)
Pl’e:Mj-e, iaverse ;qu{
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PRooF  oF 2¢)"
Roof _oF 2¢O
Lo b S, Se,..,Sa be a Fivibe  colleckon  oF dper set.

cy

[et ')Le[h]S;, Se x is a each S;.

1zt

She S s ofN’/‘) there  exsh  some inderual
(?C‘ gx; K+ gx);\) C S‘. (r‘fdll P=t ”).

') ey
&
[\( @ 5:9}'\) S-\w. ‘l’Lare, are \Cn"ely m/

%xll ) gX,’L/ ceey 8x,y\ (a’( ﬂ%,[»c)
'I'LU‘ exiss &X = Mn {QXE =0 — Nete Hat 'Hus MINEMUM
i ! exists  becavse we have a
- -FA,'I'Q, collecdion a'c PO.GH.I&
ﬂas, ()c - S,,/ Xt &x) is  cnfebed in ol S, Valses.

ard  Hug I the Tadesee bisn Q‘S:/ Jhidh s
Herelore open-

TreoreM: TE £ R2R 1o contivan ond  ACR i open,

. X ~1 .
'H‘M { l(AB 1S ofen. ¥ He T8 defitinn NoTe: This Heorem s

one  direction of

! T heorem 29 He
wf s LQJ« ae -F" (A\_ So ‘(‘(‘0«3 (S A . tox t. See PaJQ. 12
in the text & a

Sie £ s contindds, Ko oy €30 proof  of beth duections.
there exaky  §>0 sodh  FHat
£.
£(>) e (F(&\“{, f@)+<) e

corking ;L’

wheneser % ¢ (a.' S, o+ 8)

Sie A is opn  wd  f@eA, Hue exxﬂ
E70  soth  Hat  (£@)-5, ) < A

Tlm, contiavity  of £ gives a &
rogh hat  (a-§, ar8)  £7(A).

So ae(a-S, a+S)C_ ‘F'l(A)/ whick  shows  Hhat
A s open.
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5. Can you formulate a statement about continuity in terms of closed sets? That is, complete the

following statement.

A function f: R — R is continuous if and only if something about closed sets

We'll  retua 4o Hhis  |ater.

[~

6. Let A and B be open sets and X = AUB. Let f: A — R and g : B — R be continuous functions that
agree on AN B. Define the function h: AUB — R by h= f on A and h = g on B. Is h continuous

on X? Why or why not?

7. How would your answer to #6 change if A and B are closed sets?

These

8. How would your answer to #6 change if A and B are arbitrary sets?

.
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