MATH 348
|2 Ser'l’enher 2024

Definition: A topological space is a set, X, together with a collection, 7, of
subsets of X, called “open” sets, which satisfy the following rules:

T1. The set X itself is “open”
T2. The empty set is “open”
T3. Arbitrary unions of “open” sets are “open”

T4. Finite intersections of “open” sets are “open”

Definition: A function f : § — T from one topological space to another is
continuous if the preimage f~1(Q) of every open set Q C T is an open set
in S.

If T is any topological space (for example, R™), and S C T is any subset of
T, then the subspace topology' on S is defined as follows: A subset of S is
said to be open (in the subspace topology) if it is the intersection of S with an
open set in T'. With these open sets, S becomes a topological space in its own
right, and we refer to S as a subspace of T
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Topological Spaces
MATH 348

1. Find all possible topologies on X = {a, b}.
T, = Tt QSE indigerete :"0‘00'0\7/

s {fad ¥ 1 T, ftadt, b, 33

,t) = ?fa,k?, ¢ / Eﬂ}‘ ih} E J,‘;m{e ']lbfx)lo\j/
2. Find all topologies on X = {a, b, ¢} that contain {a} and {b} as open sets.

Ti= X 8, 163, 3, £as33
= i)(, QS/ {d%) €’o§) ?CE) {qllj} fq,gi] fé,c_i} — discetle -{o)oolay7
Tz $X B 34503, fab3, 30,83 Ty= (X3, 83,243, {ed3 {6,:33

3. Give an example of a topology on R with...

(a) ...exactly three open sets. 3 & $05%, er

(b) ...exactly five open sets.
{®, 18, 23, tass, RS

G\,’aGQ/ a?b

4. Is it possible for a topological space to have exactly one open set?

\/65} \-1('\ X:ﬁ, ‘lite,. {'AQ “'0,00(77/ HE f@j

5. Let X = R. Which of the following collections of sets form topologies on X7
) Ti= {000 [0 CRIUDR) Yes' ) (bt e——s.
b) 75 = {la,o0) | a € R} U {0, R} o ~ * 4o 277
— | U[{ ): (0/“)"{';’77_
c) Ti={SCR|0e€STU{D} Yes'
) Ta={S CR|S contains either 0 or 1} U{0} No. (.4, {0,33 o 11, 33 = £33 2%,
() Ts ={(a,;b) | a,b € R} No.

(
d
R ¢ TS ak’/ (OI 1) v (2/ 3) ¢ /CC

(
(

6. Consider the space X = {a,b,c} with topology T = {0,{a},{b},{a,b},{a,b,c}}. Which of the
following functions are continuous in this topology?

(a) f:X — X defined by f(a) =b, f(b) = ¢, and f(c) = a No* 'F—I(f“g = fcs net ufu\l-
(b) g: X — X defined by g(a) = b, g(b) = a, and g(c) = ¢ g ({gz) - {“25 is open

6—1({«25 = 363 3 ({q 5,:5) fq, g
3_, (ELQ : %ag \Tl( So q is cont iruous
7803 1a8 i Hhis el
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7. State another continuous function h : X — X for the topological space in problem #6.

l/\(as‘— a, L\(L’}-Jo) )I(C)-'- @ —_ ‘M.o, \‘Je,\f-,'}/ "F-UI\C.'*-I‘O/\

o~

—

\/\(X\:a e Xé><

closs ended here
8. Consider the topology 77 in problem #5. Which of the following functions are continuous?

be (a) f:R — R defined by f(z) = 2z
::\\,;,\\)cd--- (b) g:R — R defined by g(z) = —x

9. Give several examples of continuous functions on the topological space T3 in problem #b5.

10. Let X be a topological space, and let Y C X have the subspace topology.

(a) If Aisopenin Y, and Y is open in X, show that A is open in X.
(b) If Ais closed in Y, and Y is closed in X, show that A is closed in X.

11. Consider the following subsets of R with the subspace topology.

(a) Let K = {% eER|ne Z+}. Show that the subspace topology on K is the discrete topology.
(b) Let K* = K U{0}. Show that the subspace topology on K is not the discrete topology.
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