Connectivity
MATH 348

1. Intuitively, which of the following spaces would you say is connected?

(a) R with the standard topology
fes
(b) R — {7} with the subspace topology
- T ol
No. 'l - >
ES
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(c) S° with the subspace topology

No. NERS 1,13 = {15y F13

(d) The set A C R? defined to be the union of the graph of y = e* and thggraph of y =0, with the
subspace topology.

No. U= $tey) <R >'>ze§

2. For each space X in #1 that is disconnected, find a separation of X.

3. Is R with the discrete topology connected?

No. Constr  U=(-02,01 0t \l= (5,9).
IA He disertle H‘”l”p’, T and \/ are of'tA .
S R=Uv \}, which is a sepaatlor - IR.

4. Is Z with the i(ndiscrete topolo%connected?

\904\{/ O’ben ez are @ od Z.
Tlxzm IS o sgpaafien oF 2 in Hus 'kfn/oj\//

Se 2 s cennected
5. Prove that topological space X is connected if and only if there are no nonempty proper subsets of X
that are both open and closed in X.
E{u;uallnl/- X ’S Aisconnecked ' and Say WL Here  exidh nw\emp"/ prope” sobsefs
ot X "’AV‘{' are boﬂi bf)& ond (,/‘S?J-

= Tf X s ol"sco«ned-fdl Hen X = U v V/ hee U ad V o J:.\\')a.wl-
n°{\er+)' °P‘f7‘ cefx. Siace, X Ty a f)u.'s:le.'nf' upion of U ad \//
thece  are wmp\w‘h of each offr, so #ue/ wve closed.
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— I‘F X has “a r\o!\emp\y prope sobset U  Hal' s hoth
oper - oad  clesed ;  feb c \[be dhe ccomflemnt < oF - U in X
SO \j S o()%/ NoA O‘«P*f CS.‘nQ Y XY C.o-qf\(’)\o\ eat’ & PNP'U)
pndk disy s'nt fan. UL
ms} U add \f o a .Se'Oomaf:\'M of )(] & X 1< An‘suueM.

Definition: We say that a topological space T' is disconnected if it is possible
to find two open subsets U,V of T" such that:

— U and V have no intersection, i.e., UNV =0 — U od V ace  dsjont
— U and V cover T, ie., UUV =T
— Neither U nor V are empty, i.e., U # () and V # 0.

If there are no such subsets within 7', then 7" is connected.

SPacb T 1S A:SC«BM\Q_(,“'QO( FF ;SA""‘Q Unida o_p
T

Sueh  gets are  gaid to be & Seeara('h/\ of T.
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onto
7 ‘
( VL'"S up +he, c,oc"bMa.’A
6. Let X be a connected topological space. Show that there is no continuousmap from X to
S9.

Soprwsz Soch = Map £ exisk.

Thea  £7°(313)  and -f"({—ﬁ) ae

digpint, nonewply, oper <R X
onis i1 X

gives @ <epwution of X, Wbk

\A'noJ,e,

“nwt{o,e, ro  soch TL,‘_;

< .
M“P £ e, (,or\'h‘o:!it.f& e asSJMp’!(w 14'0"‘ X 15 COMCUM'

7. Let X be a disconnected topological space. Is there a continuous surjective map from X to S°?

Losvma 4.0

8. Prove that if X is connected and f: X — Y is continuous, then f(X) is connected in Y.

S\)ﬁ)m that 'F(X) 'S At Cannected  in V.
X £ @ Thn e exit U and V that Fom o gparation oF .
ConFaoy

Tt 35, U and NV ae nosemply, olnjent ope sek Hhat ol ().

Consider (V) and f"(V)i these  ae ofen (smee £ CDAEAM)/
Nonemph, A_i_s\]bh\“', ad v~ X,

Thos, (V) aw £(v) sepwale X, COA{I‘J"!-*'\U the.

agwpf'-an Bat X s comectad.

'ﬂwefemj -F(xf) must be connected.
9. What properties of sets are preserved by continuous functions? What properties are not preserved?

L”‘ Comedtednes OpennesS)  closedness
Nonemptyness y di Scanneckedpecs
A
S G
(ed and  loounded 7)) / [ -
s in R ) -

10. Is there a continuous surjective function from [0, 1] to (0,1)? Why or why not?
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