26 Sept. 2024

How do \ou learn Ma'H\eMa"’;CS?
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Connectivity
MATH 348

1. Let C = {(—n,n) | n € Z}.

(a) Does C cover R?\’E's Ts euery X€ R in one of the sefs ia 87
(b) Does any finite subcollection of C cover R? )0
(¢) Does any finite subcollection of C cover [0,10]? YES . consde~ (-1, H)

..‘:_F__e__._;\,'::::
A c

(
[ RARY
\

J

.

.
-

2. Let C = {(n,00) | n € Z} U{(—00,n) | n € Z}.
(a) Does C cover R? YES H_H_é_:: 'Lé == =

(b) Does any finite subcollection of C cover R? Yes —>

-
(c¢) Does any finite subcollection of C cover [0, 10]? ) G

VeSS <

\4'\ 1 S,‘—H”’ -“\X-Cd‘
/

A°
— —n . .
3. Let C={(z,z+2 )\wER,nE@}. € e :\ — | TUEY
(a) Does C cover R? Yes. -1

(b) Does any finite subcollection of C cover R? No-

(c) Does any finite subcollection of C cover [0,10]7\Jgq

k"l:.‘n.‘#e refinemad' erp dhe CoveS,
{

\\ S\’B“JU L)

4. Prove that any finite topological space is compact.
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5. Let A= {0} U {% |n e Z+}. Is A compact in R? 1S a fute cve - X
4—?*04—0—*'\+——> S..;Pfosg, G 1S oan opn v of A
P B
o “ 3 ez 1 ’]1,0\ Some GIOVM'{- S € e, OA"'G;AL O_
I3 l ] A dl‘ﬁfa o | D
Nk 67 A 62.5 i< nb S is an opvt saf  conh: “ O, s~ he ow‘a ns
. N an  optr  iaterval acound 0. This oper 1ader ya
MFGL Contoing all Lot P-\h:kl/ man y Pe,‘ﬂl s A

ﬂ\)s) Q L.G.S o ‘F.-m.*\-e re‘r;heuuﬁ,
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Definition: An open cover of a topological space T is a collection of open
subsets of T such that every point in 7T lies in at least one of these open
subsets.

A topological space T is said to be compact if every open covering of 7" admits
a finite refinement. In other words, given any infinite collection of open sets,
which covers 7', it is possible to throw most of these sets away, keeping only
a finite number of them, and still have an open covering of T
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6. Is (0, 1] compact as a subspace of R? No_

<—€‘R' J%% 3 C={G) | 2,

| N
_’ R 4
x
1 ~ .
E > ,Q C s an ope v
3 ‘ '
|lr > wth e Fuite religmat
? '
T
( < [ L1\
\\\e} 7. Is [0, 1] compact as a subspace of R? ;’ Te o —t—

z 1
go‘oPd—C ofwy\ Cover 6 hag no £:04e refinement.

Cossidir {0, ‘%1 od [%,3. One of these must not Rowe a Linie roLromant.

Call s todewl T,.
D;J;JL I.\ A b\alc, 14\-0\ oNne O-F l""_S SJL:I\"V\M(S

refinment; call i+ T,

"\QS No ‘C;n:",-e_

(pl\'\-l\ﬁd“/‘j In .H,l.\_g Jay, we oktain & f\e_S‘,'(’J Sequencl
011>, 2T, >T32--:

vkt La hos L@\JH‘ é’x ard  po Linite re Cinamenk  of Hhe ofeﬂ Cover.

DO
Now AI s oa lik# Poin'l- CE€ [O,G/ which s o gome pPA sef of the
=1

o  So ce((,—i,a««‘&) £ eme $>0, whick s contaired in an
Important theorems: open  saf of tHe cuer Rt In is contuined in (c-§, ct8)

L .
QM.“\'?’o If T is a compact topological space and f : T — R is-a continuous function, then f is bounded. - “‘FF'W‘&

lage n.
a2 : . : , . This  contmdicks
%ot' e If f:S — T is a continuous map and S is compact, then the image of f is compact. the chatement
_ Yot To  hos
\o A subspace T of R" is compact if and only if T" is closed (as a subset of R™) and bounded.

N L;A,'-l-e_
Heine- Bortl Thesrtm  (Thw. 4,24) re € nasant

Thes, C, o has a finile
refinmant, and [0,11
Ys @Mpoo"-

Challenge Problem: Let the set of rationals Q have the subspace topology from R. Find a set S C Q
that is closed and bounded but not compact.
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