1 October 2024

Qockion UZ of Ha text:

Definition: We say that a topological space T' is Hausdorff if, for any two
distinct points x,y in T', there are open subsets U,V of T such that x € U
andyeVand UNV = 0.

Distinct POI/\’\'S
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The Hausdorff Property
MATH 348

1. Which of the following spaces are Hausdorff spaces? " wl
n SR

(a) [0, 1] with the subspace topology from R o4
-7 ’
Vo ey ly g 20
x f3———3
o X Y f > y \
(b) R™ with the standard topology J
N . balle of tadios < %
Y/ m 4 2<. m [y around x ad ¥
(24
(¢) {a,b} with the indiscrete topology & y\ U= Bd/s(‘x\) V= Bi ('Y)
3

Neo The  orly nonemply ofer cef s S}

(d) Any set X with the discrete topology
. ot *
% K—sc\m sef s opEn poind oL i3
T* ')‘/VGX Hen et U= {'xi and \J= {"/2 disting from st 33

(e) Set X = {a,b,c} with topology T = {@, {b}, {a, b}, {b,c}, X}
MO Fb/' QXaMP)e'- ¥ x=a and y=5/ Her there S
/

Yo of)-ef\ set U ton"‘-"‘-‘ﬂj a  bot aot b

2. Let T be a topological space. Suppose A is a subset of I—';uch that for every x € A there exists open
set U such that x € U C A. Prove A is open.

T r-ffoﬁ_éf Fop- euvy '}(G_A/ -H\ere QXLS'\“S o(!?l\ cet Ux

coch that xe U, c A.
C{)/\s:JU UA Ux i Clamt Hic onioa ciuo.ls A.
xXe

Since Ux €A e oll x,
fFor ony xeA,  xe Ux CHAU"/ +hus

Thy VU= A Thoy, A s a onnn of spen cofs, and
3. Prove that ifzj—is_a’I'Ea,’__ustM_C’e, then every single-point subset of T is closed. Yhis  open.
D3 We musk chow that T-03 i open
Lot yeT-%x5, S % ad y are dishinet.
Siace T 1 Hawderff, there exist Ofeh sefs
U wd V ek Hat xeU, ye\, ad UnU=g.
Nes x£\/, sice e U ad UnV-=6&
_”Aos/ Ve T-83.

So we |hout e,\la‘/ ‘]@-T—'E}i hos a ofen cet \/

S C,‘Ds(e& I T Sooh that >/6\/CT-' ixi/ and lo)’ "LAL
s previvus  probleny, T- 83 i open.
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4. If T is a topological space and f : T — T is a continuous map, then the fixed-point set of f is
defined Fix(f) = {x € T| f(x) = x}. o
REme that if T is a Hausdorff space then Fix(f) is a closed subset of T
T O W will gwew  Hher T- Fie(§) i open.
LQ)’ Yy € T" Fl‘x(f). So Y + F(Y)- S n odd ‘F(\/) ace  dictinck pol't\h in T
Stnee T s Haos.}.rﬂ'/ there  exisk open sete U ad V  such Hat
,\/C,U-/ 'F(j)e, \}/ oed UnaV#O. S.'Me £ s Lon‘-.'wo\)sj {-'(\I) s et

Congider Un{’"(V). Nole 'yevn F"(U]_
Gppse x6Ua £'(V)  ad  xeFix (). S xe£'(N), 46)e V.
Bt alse, xeJ ond F0)=x, s fk)eU. Thos, £6)eUn ), which conlvedich  UnV=7.
'wae(orc, thee S to x in Uaf'(V) ad in Fx@).
Thss, & ooy yeT-Fi(f), Heoe s an opa seb containing g contained 1 T Fix(f),
5. For integers a # 0 and b, let S(a,b) = {an+b|n € Z}. T-Fix@) i oper, and « Fix(F) is closed.

(a) Show that the collection {S(a,b) | a,b € Z,a # 0} is the basis for a topology on Z. This topology
is called the arithmetic sequence topology.
Crderto:

G An afesectian of 4o basis elwnts s a beir eloent: KO x ¢ S@8a S(cd)

a o em(ad).
& (ab) D A > . Let m=lem(a,c)
Sed X ; : .« T
' P—__c_—’4&}\——4c—’__’ M- leavfa,e) | S
(b) Show that the arithmetic sequence topology is Hausdorff. g(m/ x\ C S(a ,lo) Q CC,J)
LQ;,' %, o be digtinct .‘n'l'ejﬂ.
A > 'X—Y‘ LQ“' d toe, a0, l‘n“e‘?@s ﬂ‘\eaw ""\q/‘ Ix_y[

O o+t 1+ o> Then  U=S(dx) and V= S(d,\/)
X Y ae  ofer  cek  Haf shaw

(¢) Show that the basis elements are both open and closed in this topology. Heusdor € prpv M.
Basis elemats ace ofen Ly defintion.

S(ak) is closed becasse its  complement is  open:

S(as) = Z - (;-):S(a,lo-o'\")

(d) Use topology to prove the infinitude of primes as follows:
Let Q@ = U, prime S(p;0). Assume that there are only finitely many primes, and explain why this
implies that @ is closed.
Then Z — (Q must be open. What integers are elements of Z — Q7 Why is this a contradiction?

Since  each 3(9,0) is  closed, Q ic a Fude union of closed sets and

thes i closed. (Us oomrlmu& s a finde intecsecton of open sefs.)
Se 2-Q must be open.
Now Z-Q = {-1/ +1§_ But  $4,15 contains o basis elemeats, so # camnol Le open.

Q_Tl,,e only '\“+6ij5 Hhat are ast p«ull'.‘fles of any  Prime.
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