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Definition: Two topological spaces S and T are said to be homeof'norphic if
there are continuous maps f: S — T and g : T — S such that

(fog)=1idr and (go f) =1ids.
Lidentily o Cidatl, s S

The maps f and g are then homeomorphisms. These maps are inverse to
each other, so we may write f~! in place of g and g~ in place of f. If S and
T are homeomorphic, then we write S = 1.

/_\> ‘J_]__ 1@,. a-r\)/ xé—r/ '\JT ):X
S T
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-P and 3 are,  |pversges
-(: = 3—‘ ond j = '(hl

In He  words, S d T e homeonmorghie £ there
exists o ontinvoas U\‘\ec‘hﬁn {:S—’T with o contiuous

\nefce.
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Homeomorphisms
MATH 348

1. Which of the following spaces do you think we should regard as topologically the same? What should
“topologically the same” mean?

r—b (a) (0,1) EXAMPLES OF HOMEO MORPHISMS
. 4 (O/ IB ——)(o,b) continpois, B"J.‘CI'\"el

—7(b) [0,1] Contiavox  ipversg
b -a
© o1 T =22 v a
O
01y 2 (ap)
d) Ste >— (' -
(d) ' e

.Sfl\a:l”% [0/13 = [Q,['Jl

7(6) [0,27) o (0] % [0,27)  weRe flu)e ~2nx +2n

S @ homeo Aﬂ'ﬁ"’.' M

(2) RU {oc} #3220 ()

Lkdlot s tha dopology? °

L_,> (h) (a,b) for any a < b e R

L—’“7 (i) [a,b] for any a < b€ R

2. Find three different topologies on the three-point set {a,b,c}, each consisting of five open sets, such
that two of the topologies are homeomorphic, but the third is not homeomorphic to the other two.
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-
< T3V

3
3. Let f:S5 — T be a horgeomorphism and g : T — U be another homeomorphism. Show that
go f:S8 — U is a homeomorphism.

\S Need 4o shmm that 30’F is contingdus with o contingas  averce.

F; i<t C,ompos;h% € Contirvons Maps iy contirvour. (Pn,f. 3.!03
Setml, Ve —P 0d j are l\,ome,omrpLR"‘S) -P-‘.' TS od j’l g U -T are  ontiams.
S"’ ‘F‘l" j-l p H\e, Inve/Se of 3 °.F, iS also  contiavoas.

Thisd, He Gmpectia  of  bigectlns 5 bjeetivy, 5o gof s b jective.
4. Let S and T be homeomorphic spaces. Prove each of the following:

(a) If S is connected, then so is T'.

(b) If S is compact, then so is T'.

(c) If S is Hausdorff, then so is T

5. Suppose f: X — Y is a continuous bijective function. Is f~! necessarily continuous?

NO, See/ \OQ[O\,J-
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IS contipyous
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