290 October 2024

Definition: Two maps f,g : S — T are homotopic if there is a continuous
function
F:8x[0,1] —T

such that F(s,0) = f(s) for all s € S and F(s,1) = g(s) for all s € S. In this
case, I’ is a homotopy between f and g, and we write f ~ g.

F u';\'l-e[lbo(a{'es wanuwsI/ ketueen £ and 9, @s £ goes from

¢ S/ te(ot]. “time"

Froegst“om A“/ hao © continvous fnckions  f q° R-=R .e hosmodopic.
f:(uaf © Tvse the S‘H\c’\ll\f “1I'ne home -kb/
F(xA) = (1-¢) €6) - ¢ 90
b xe R awd €€[61]
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Homotopy
MATH 348

1. Suppose T is convex and S is any topological space. Why are every two maps f, g : S — T homotopic?
S}nce, T 1S Coruly, Ue can USe o g{w:\yl.f 1ae, AOM,{QP/

Fi: SxI —T
Flsa) = (-84 £q()

For Any ‘CFKWI 565.

2. Give an example of spaces S and 7" with non-homotopic functions f,g: S — T.
' 2
S‘— T (B J?&L«O&/\Q{T@X ‘F/ j'- \S' s T
r‘. ;Jenh'#-// ﬂ R Swof +yo connedﬂ’ C’MPMMB

b S = R~ fonk
w(f)

3. Justify each of the following to show that homotopy is an equivalence relation on functions between
S} T two given topological spaces:

(a) Homotopy is reflexive. honshp’™:

Ld' 'F" S—DT be any Continuoos Map' Tl'le/. -F ~ -F
_UL}’)' DQ'F.V& F'- SXI 7T L/ ;(5/{\ = 'F(S) "Fq all é

(b) Homotopy is symmetric. If €= 3, Hhon 6'\,’-(
Lef 'F,J .S-%T be Pat iAo rmaps u;'Hq L\QM.dof)/ F f £ & g

‘-—Wd
Ther 9= L F23. Fls,8)= £(s)
ubt ~ Defie G:SAI>T Ly, G(s4)= F(s,1-4), Fs)=g o).
(¢) Homotopy is transitive. < CE(s,) = 40
IF ‘P‘;’J and j’;‘l\/ Hen ‘P’:l'\ ° G(_S,b)- /0 = 3
od G (s = F(s o) = £G) .

LQ,{' ﬁ,ﬂ,ln be  coatingoss qu)s S—>T with ~(-'c\1 aadf J ek
Ther ve have Ihomutopios F: SxIT=>T ol Hat F(s,o) = F(s)l F (5. )= J(53~
wd G SIAT ek et Gloye gls) , Gls i) = h(s),

Dofine  H: SST=T by F(s,24) £ 0ctet N oo contiins by He
Hist) =

GCS, Z{-i) 5 ke \uah::] [essmat

Tl'-JS, F"—"A (qu 5,73)
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Sfme. \ﬂoow"‘of)l s an €0LO7VGIO\66 l\e,la{';au oA wn‘,'n'nooqs ‘ﬁnc,'l\'wj

S - T ) ve  con dﬁﬁ'ne eq'v:\lalence classes op Rnetiug S-a’]'

LC“" [-S)T] de/\d'ﬁ -\4\0, SQAL oF al” svel evﬁva(mw C(om;;
called hwokf/ c (ogses, of  fonctions ST,

EY’\MPLE : IF S'—' lR aad T= ﬁl 'H,e;\ 0” Funo’l‘;oM S‘)T

—

ace. )\gn@h‘;:c_, o there iS D‘l/ one QQU;W(O‘CC class.

Tvro|o3iw( .SPa(z.S S edd T ae kom"oﬁ a(o;valen‘l' ic
'\"\2'{, are . Contirves  mag fr S=>T o 3'- T>S sk ot
3°'F' S Loho'hpfc Po 'H\e, I‘JUH-/ on S and 1’_‘06 is hwo‘kr‘b
'l* ’f‘\( ;JU\H-l oA T

S £

—_—D

U

@,../

J

TLQ, Mnafx 'p MJ ﬂ e hmsfo’hy e(u:ualence.i
T S ad T e hometopy  equivalet, e wle S=T.
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4. Explain which of the following pairs of spaces are homotopy equivalent.

(a) The single point space {0} and R Neli: £: ST ,o/ £( 8= 0.
S-‘ EOS * 9" T>S by G(x} = O.
T__ Q < > m F"J" T-T s sich  that G\“J)(x) =0

(b) The closedimterval [0, 1] and the single point space {0}

(c) The open interval (0,1) and the single point space {0}
(d) The annulus A = {(z,y) € R |1 < /22 + y2 < 2} and the circle S*
(e) The punctured plane R — {(0,0)} and the circle S*

(f) S! and S°
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