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Circle Maps
MATH 348

f(o)=2n-D
1. What circle maps are shown in the following graphs?
(@)=l2zr _ [():0+L f(e)-20 1®)=-6
| { ' .1
deg O | 37 dog L b2 deg=-1
°o 7 2r °o 2 °

2. What is the degree of each of the circle maps graphed above? How about each of the following?

1 2. 1

3. Sketch the graph of a circle map with degree 5. Then sketch a circle map with degree —2.

(//NN]

4. Prove the statement: If a circle map f: S' — S! has a nonzero degree, then it is surjective.

)\Pg\‘\\“‘ I_\C —F s Nt &or:‘eoﬁ\je} ther 7t misses  Some Po:,d-
“{@
o on &4’/ o+ con't weap acoud &1'/ measiry F o has
v o(zgree.

5. Under what condition, do you think, are two circle maps are homotopic? Why?

F\F g‘j ‘\p A "F and j "\OVe the Same A%ree, SCoﬁOA 62
and o"(}f I",p n +Ce'r:-;s|¢7

6. Is the circle S! contractible? Can you prove your answer? frost by contendichion”
g No. Suppose £ 8>3 L g 03 -5 e )wom;*loe/ equivalces.
This wems thet (3+¢)(0)= 40 & all 6, s Q,ﬂ‘) s constant,
S 3041 =5 s a mayp with Jgree, 0.
Rut the fo(e/\l#), map  on S' hes degree 1.
<o 3°\C‘ camd} be )\om{vp.‘f_ o e idntly, so v (Loif hove.
a hometopy  eqpivalnre. Thas, S ¢ el coatachible,
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Brovwer  Fixed-Pont Theorem: T £ is a  conbinuous
-Puno'fio:s an a no»wﬂ; OoMPa(,"' Conve x so,{- ']o 1Fse l-f/
Yhea 'F' has o  £ixed looin'fn

k_%x coch  Hat  f(x)=x.

1D vasionr [€  F [01]—=[01] is cablwey,  tha £
has & fixed pot.
()= x
PQ_VF__: defire 36()=F(x)-)<
Use, intermedisle vabe Hearem
o ghow S(x\:-o somewhase.
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2D Brouwer’s Fixed-Point Theorem
MATH 348

2-D Brouwer’s Fixed-Point Theorem: Let D? = {(z,y) € R? | 22 + y? < 1} be the closed
disk, and let f : D?> — D? be a continuous map. Then there is some point (z,y) € D? such that

f(xvy) = (a:,y).

Complete the following steps to prove Brouwer’s fixed-point theorem in 2-D:
Proof L/ eontradichion
(a) Suppose f : D? — D? does not have a fixed point. Explain why this means that we can draw a line
through f(z,y) and (x,%) and extend this line through (z,y) until it meets the boundary of D2.

Thea fboy) £ (oy) & all () eD '

3("/7)
(xy)
Note: i€ (<) is on Y bomdary, then I 7

@ (&)’) - G ) Loy

~1

(b) Define a function g : D?> — S' such that g(z,y) is the point where the line from f(z,y) through
(x,7) meets the boundary of D?. Explain why g is continuous.

.

“\h/’ror_ A swall  change in () Pmla(.e.s a  smoll  chage ia {ly) sne £ ig cutiran

TL:.& small chasge ia (x,;\ and '((X/y] rc;.:H‘) n a  smell d‘“"]& to  ohere
Yo Tae WiB the  cicle.

let Ul be Sper
Consider j"(\]].
See page 111 in hect for debsls
(c) Define a map
< T F:S8'x1—> 58!

—
by F((z,y),t) = g(tx,ty). Argue that F_is a homotopy between maps h(x,y) = F((z,y),0) and

j(z,y) = F((x,y),1). Describe the maps dj.

RENEEY is h(x,y)= F((x/y), DS-'- 3(006, 07) -‘-\1(0/0) IS a censtant rap
S deg of h 05 el

Ak =S s 6= 'F((x,y)lﬂ = j(ﬂ.xjiy) —,3(,\,7) e the idotily, o &
(k:)es' = (oy) So dy oF | is L.

(d) What are the degrees of the maps h and j7 How does this produce a contradiction?

C/ﬂNI(’aJu'g+;M'- 'l'L‘@‘"C S No l“"“’a’l"P/ LO{"’“* A O‘F dﬁd O
and \) of Je\9 1.

ﬂ%&u{, £ has a  Cixed ‘50‘\"*'
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