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N

INTUTION: a hole s a  cyde thal is wt o lboudary
Introduction to Simplicial Homology
MATH 348

Consider the following simplicial complex K. Note that K consists of two 2-simplices, seven 1-simplices,
and five 0-simplices. Moreover, K has one hole—the triangle that is not filled in.*

U2

Cde €q‘f’eé+€7 (s f’f‘ji

fhe  bousndory oF asy
Us Z’CLW“."

CyC/Q, e\'*‘ 61."‘63 €2
o the lbeundey

oF 0,

&-

U1

\

V3 €5 V4

1. Write three one-dimensional loops that do mot encircle the hole. Write each loop as a sum of 1-

simplices.

YI = e,* €. +e 3

=€ +
T. 3 tey Teg C%a'”f los o‘F’ fl_—c)/c'eﬁ
83’—' e, hJ e"L + e“( '('65' '\IL\G{_ a_(‘ﬁ. ‘)O'Jl\dw"es
2. Let v, and 72 be loops that you wrote in #1. Consider the difference v; — «2 with Zs coefficients.
What can you say about this difference? ) L
Mo
nr Y s %de, +%4&+ tes <= Y, -1=1
©

X,/ X?_ = Q‘I <€q '+€3 - ('63 “'Cq -r(_{) = & c. -‘k‘( _Ies
3. Write three one-dimensional loops that encircle the hole. Write each loop as a sum of 1-simplices.
+
Qy+ ¢ €y €|\FQ7_ *€3+Cq+€€46;
Yo Qite, +ec+e, €€y € xiarfls
°€ e ycle_r
KZ-— 63 -+ es ‘\‘eé +€_7

4. Let 1 and 72 be loops that you wrote in #3. Consider the difference 3 — 2 with Zs coefficients.
What can you say about this difference?
A\

V- (evenvae 2ve) - (e e giaey) Oy, s

= @, t€ te, = E(G\y -\z\e loooAAaz/j\o
ok geme 2 ~choin

*source: Michael Starbird and Francis Su, Topology Through Inquiry, Section 15.2.
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Introduction to Simplicial Homology
MATH 348

1. Consider the following simplicial complex K.

(a) What are Cy and C1? What are their dimensions?
Co St or veehr gpoce of all  O-chors kasis &r (.= {0, b, C}

dim (Co) = 3
bos £ €= IR, G, Tadl3

(b) What is the dimension of Z;? (Hint: What is the only nontrivial 1-cycle?) | (C) 3
wm (C) =
Kl) 1" O‘lﬂx‘/‘_s ‘I’LQL Lm.,& o bqum’ﬁ'\/

2= {6AToeds @l gu(2)<1

(¢) What is By?
T“Qre a No 1‘CLO;/\5 ‘]‘La'f‘ uare ]oouo(ov:(’s.

¢ dim (8\\: @)

(d) What vector space is H1(K)? What is its dimension?

C‘ Y osgF or veckr Spre of  all D hoing

(e) What is the dimension of Im§;? (Hint: rank-nullity theorem)

(f) What vector space is Ho(K)? What is its dimension?

(g) Why is H;(K) =0 for all i > 17
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2. Consider the following simplicial complex K, which is a hollow tetrahedron.

C

(a) What are the dimensions of C; for all nonnegative integers 7

(b) What is the dimension of Im §;?

(c) What is the dimension of Hy(K)?

(d) What are the dimensions of Ker d; and Im d2?

(e) What is the dimension of H;(K)?

(f) What are the dimensions of Ker do and Im d37

(g) What is the dimension of Ho(K)?



