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Bases
MATH 348

1. The collection ℬ = {{𝑥} ∣ 𝑥 ∈ ℝ} is a basis for what topology on ℝ?

2. The collection ℬ = {[𝑎, 𝑏) ⊂ ℝ ∣ 𝑎 < 𝑏} is a basis for a topology on ℝ. Describe the intervals 
that are open in this topology.

3. Let ℬ = {(𝑛, 𝑛 + 1) ∣ 𝑛 ∈ ℤ}. Is ℬ a basis for some topology on ℝ? If so, describe the open 
sets in this topology. If not, why not?

4. Let ℬ = {(𝑛, 𝑛 + 2) ∣ 𝑛 ∈ ℤ}. Is ℬ a basis for some topology on ℝ? If so, describe the open 
sets in this topology. If not, why not?

5. Given a set 𝑋 and a collection ℬ of subsets of 𝑋, what criteria could you use to determine 
whether or not ℬ is a basis for a topology on 𝑋?

6. For each 𝑛 ∈ ℤ define the set

𝐵(𝑛) = {
{𝑛} if 𝑛 is odd,
{𝑛 − 1, 𝑛, 𝑛 + 1} if 𝑛 is even.

Is ℬ = {𝐵(𝑛) ∣ 𝑛 ∈ ℤ} the basis for a topology on ℤ?
Give an example of a continuous function 𝑓 ∶ ℤ → ℤ in this topology. Then give an example 
of a discontinuous function.
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Connectedness
MATH 348

1. Intuitively, which of the following spaces would you say is connected?

(a) ℝ with the standard topology

(b) ℝ − {𝜋} with the subspace topology

(c) 𝑆0 with the subspace topology

(d) The set 𝐴 ⊂ ℝ2 defined to be the union of the graph of 𝑦 = 𝑒𝑥 and the graph of 𝑦 = 0, 
with the subspace topology.

2. For each space 𝑋 in #1 that is disconnected, find a separation of 𝑋.

3. Is ℝ with the discrete topology connected?

4. Is ℤ with the indiscrete topology connected?
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5. Prove that topological space 𝑋 is connected if and only if there are no nonempty proper 
subsets of 𝑋 that are both open and closed in 𝑋.

6. Let 𝑋 be a connected topological space. Show that there is no continuous surjective map 
from 𝑋 to 𝑆0.

7. Prove that if 𝑋 is connected and 𝑓 ∶ 𝑋 → 𝑌  is continuous, then 𝑓(𝑋) is connected in 𝑌 .
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