
Compactness
MATH 348

1. Let 𝒞 = {(−𝑛, 𝑛) ∣ 𝑛 ∈ ℤ}.

(a) Does 𝒞 cover ℝ?
(b) Does any finite subcollection of 𝒞 cover ℝ?
(c) Does any finite subcollection of 𝒞 cover [0, 10]?

2. Let 𝒞 = {(𝑛, ∞) ∣ 𝑛 ∈ ℤ} ∪ {(−∞, 𝑛) ∣ 𝑛 ∈ ℤ}.

(a) Does 𝒞 cover ℝ?
(b) Does any finite subcollection of 𝒞 cover ℝ?
(c) Does any finite subcollection of 𝒞 cover [0, 10]?

3. Let 𝒞 = {(𝑥, 𝑥 + 2−𝑛) ∣ 𝑥 ∈ ℝ, 𝑛 ∈ ℤ+}.

(a) Does 𝒞 cover ℝ?
(b) Does any finite subcollection of 𝒞 cover ℝ?
(c) Does any finite subcollection of 𝒞 cover [0, 10]?

4. Prove that any finite topological space is compact.



5. Let 𝐴 = {0} ∪ { 1
𝑛 ∣ 𝑛 ∈ ℤ+}. Is 𝐴 compact in ℝ?

6. Is (0, 1] compact as a subspace of ℝ?

7. Is [0, 1] compact as a subspace of ℝ?

8. Challenge Problem: Let the set of rationals ℚ have the subspace topology from ℝ. Find 
a set 𝑆 ⊂ ℚ that is closed and bounded but not compact.




