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5. Prove that topological space X is connected if and only if there are no nonempty proper
subsets of X that are both open and closed in X.
E(uFVa,mHyf X s disconsected £ and ol\l/ # Hee exists a V\onem)o"/

proper  subset of X thot s bofh open  oad closed.

PROOF:
=> Svppose X is  discomected.
V ace disjolnt nof\empb open  Seft  Since X is a Jis\jo.'n{' union

of U ond V, ‘I‘Lo.y are UMPICMQI\‘S of each other, whxh meant

U and V ore olse closed.

& Suppose UeX is a noempty prope suset thot s both ofen and cloged.
Thea V= X-U s opar, mm,n'o]'yl ond ,!.*Sj,:,,{- frorn U. Thes, U oud Y
‘&f"\ (3 SQ‘;QG@":OA p# X} So X :5 0(7s00u¢¢,+ex.

6. Let X be a connected topological space. Show that there is no continuous surjective map

from X to S°. )
Supfo&% ]cf )< — S° Is  ortinuous  and  surjective. Concider U= o ({ﬁ)

ond V= f"({‘ﬁ). Thoa U ond V ore:

Sl‘l\(& No xXe X Coa Mal.\ '{\ ]°°+/\
{13 oad {-1} ace of.e/\ i S:

Thea XtUUV/ where U and

o disjoint, *1 ad -1,

. Ofll‘,

¢ nope wp']'y,

Sace 'P is 0041‘!‘000.)3 aad

e £ s sal“'eo‘“lc.

F\Jr+hUV“°f€, U‘-’ V =X/ s:ncg F(x): :1- '&' "” xe X.

Thos) U aad V 'Gr'\ a sgpwaf:or\ a‘ﬁ X/ \«)‘\?c.k I3 Q odrad;;‘f‘fon.
Theefore, o swh  funtion £ exigts.

7. Prove that if X is connected and f: X — Y is continuous, then f(X) is connected in Y.
Proof \oy Cowbradicfion” SJrFoSQ £¢) s dscomnected o V.
Than there o ssh U ad V dht a0 norondy, disjnt, oo in Y,
wid oo onion 3 FL Cote £(0) ad £7(V), Thes

elfl\m\(fcs art’.
°d£{]o.'n‘i'
0\"%
ww\e,mf*/
Mo £ )0 = X, & $00) wd F(Y sepuote
/nlas, QQC) pmist not  be  Aiscoenecded.

X

Wik i & tondediction
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Compactness
MATH 348

1. Let € ={(—n,n) | n € Z}.

(a) Does € cover R? \/e_s
(b) Does any finite subcollection of € cover R? No
(¢) Does any finite subcollection of € cover [0, 10]? \/a S

2. Let € ={(n,00) | n € Z} U{(—o0,n) | n € Z}.

(a) Does € cover R? Yes
(b) Does any finite subcollection of € cover R? YC’-S" €y {(:‘/ ‘V’\) ) (’%‘)é
(¢) Does any finite subcollection of € cover [0, 10]? Yes

3. Let@:{(ﬁvﬂf‘f‘Q*")|x€[R,nEZ+}. - Ef%

(a) Does € cover R? Yo
(b) Does any finite subcollection of € cover R? fJ»

WV

(c) Does any finite subcollection of € cover [0, 10]? ?[e S

4. Prove that any finite topological space is compact.
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5. Let A={0}U{L|neZ.} IsAcompactin R?

6. Is (0,1] compact as a subspace of R?

7. Is [0, 1] compact as a subspace of R?

8. Challenge Problem: Let the set of rationals Q have the subspace topology from R. Find
a set S C Q that is closed and bounded but not compact.



