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The Hausdorff Property
MATH 348

1. Which of the following spaces are Hausdorff spaces?

(a) [0, 1] with the subspace topology from R \{6 <

Etm—i—t ! «ql&_‘,_,‘,._z.ln.__]
ex ¥y !
(b) R™ with the standard topology

N

(c¢) {a,b} with the indiscrete topology

OAI7 opA sets: p/ {al“z
(d) Any set X with the discrete topology

\/6.5" &LUL\ Po.‘r»‘t’ X 1% n 18 owa open cet i"'é

(e) Set X = {a,b,c} with topology T = {0, {b}, {a, b}, {b,c}, X}

No* Chose & oadt b
o open sof» U,V suk twt aeY, ke, Un\=

(f) R with the finite complement topology: the open sets are subsets U C R such that
R — U is either finite or all of R

e—O0—0 —o - U
3_’___0_0—'0—H v

No: For any nonemp‘f‘/ open sets U,V i His bpelesy
in this ‘hnpoloﬂ}; UaV 2 3.
e This s ’nmpbr'l'au-l'l-

2. Let T be a topological space. Suppose A is a subset of T such that for every = € A ther
exists open set U such that x € U C A. Prove A is open. We should sive. it
T_ a name! Houw about

Pf:”_{" For ead xeA, let Uy ke an ofen
st soch Hat xeUy c A,
CO/\SIA‘” )&{U;(, Which i8S oren-
Sice Ugc A For all xeA, \_l\Ux cA.
‘Fbr any xek, erxcgle se Ac ’yAUx

Therefe, UUX =N Se A is open.
Xek

- . -
Hhe Po:m“u-se

Gy . h

opeaness criterion ?
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3. Prove that if T is a Hausdorff space, then every single-point subset of T is closed.

Lot xeT. We wert to show +hat T3 is open.

L?;l' }/e T‘{X-i . S'./u.o T s Hoosdorf r‘/ 'Hlm ex.st

OPM sets U ad V ssch ‘H\"{- xXé I.)-/ >;iy'/ aad

U/\ V = B- T'nls i«el:ex X 6\/, » Vo T- 33,

S:AQ_ note”
ye\ eT-1x3
S° Query "Jo:ﬂ' ye-]_'fxg S Leatained 1 SfMe  open

Saset  oF T"{Xil leSJ hy B2 ALNQ, T‘{xi y  ofey

% $x3 is  closed

4. If T is a topological space and f : T — T is a continuous map, then the fixed-point set of
f is defined Fix(f) ={x € T'| f(z) = x}.
Prove that if 7" is a Hausdorff space then Fix(f) is a closed subset of T
We wll show Hat T-Fin(£) is open. Let yeT- Fi (£).
Thea w# £(), so y and €ly) are distiact points oF T Since
T is Housdonff, there are open sets Uand V  with  ye U,
£) eV, and UaV=P. Sice § is wontinuous, (V) is opes,
so Un f"(V) is an open set Con+aiAiAJ y.

xeFix(£) means Hx)=x

Now Uaf'(V) is disjoint from Fix(f). To see this, suppose * «Ua £(V)
and xe Fix ({) Since xe f"(‘(), f(x)ev. Bu.“' alse xeU and Xe Fix(‘), So
f(x)eU. This implies xeUnV, whew is a contradiction. So there is no

such %, and thug UAF"(V) is digjoint  From Fn‘x(f).

Thus, we have an open set Ua f-'(V) such that ‘yeU}\F"(V) cT- Fix(F),
Since y wes an arkii‘rarf Paiaf of T‘Fix(f), around every poiat in

T-Fix(f) we can €ind an open set contained i T—Fix(f). Therefore, L/
Hhe result of #2 on thic worksheet, T-Fix(f) is open, which means that

Fix () is closed.
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5. For integers a # 0 and b, let S(a,b) = {an+b|n € Z}.

(a) Show that the collection {S(a,b) | a,b € Z,a # 0} is the basis for a topology on Z.
This topology is called the arithmetic sequence topology.

(b) Show that the arithmetic sequence topology is Hausdorff.

(c) Show that the basis elements are both open and closed in this topology.

(d) Use topology to prove that there are infinitely many primes as follows: First, define
Q CZ as
Q= J Sw®0).
p prime
Assume that there are only finitely many primes, and explain why this implies that @
is closed. Thus, Z — @ must be open. What integers are elements of Z — Q7 Why is
this a contradiction?
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