TopoLoey Day IR
27 October 2026

Fiest: "natural """fsu for dis",dn‘f Jnions  and Producz" spaces.
DisToINT. UNIONS

For d?sJoin+ unions, the natvral Maps are inclusions.

Definition: is takes a point xS fo its < T
Co rrespond :U (la'aelcd) point in S _],LT’ -‘5\ Z"r
and Similar'/ 'kr iT. S -I-LT

Are inclusion Mmaps coptinuous ?
P
Yes. Let UeSLT be open. Thea Z(U)Y=UNnS, uhich

is  open, skouirj that is s continuous.  Similark, i is continuous.

PRODUVCT SPACES

Fol‘ Produc{' spoces, the natural Maps are Pro\')edions.

Definition:  s(st)= s oand T4 (s4) =¢ < xT )
4 Y
Ace Pro\‘\ed’ 1on Maps continuouns ? S T

Yes. Let UcS be open. Then Tfs"(U) = UxT,
which is a bosis element of Hhe product ‘I'opo‘ij
ond 'H\us is Of)el\. T‘n‘s shows 'H\a‘f’ Ts s con'“nuous,

Sim-’laely’ TNy is ontiruous.
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THe OREM: I‘F S oand T are esch connected Spaces,
then +he prodoct space SxT is connected.

How to prove Hhis?  We might suppose that  SxT has a  separation,

and then +r)l to construct a seporation of S or of T, but this is difficult.

Its more fraduC‘Hve to  think about Maps from SxT +h o disconnected space.

Soppose S and T are each comected. We will show #at +here is
no continuous surjection from SxT + S°-§-4,13. (Nete that i SuT

were not connected, then such a continuous surjection would exisf.)

Suppose $at §: S*T"So is continuous.. Let s,¢S T is.‘;nT
be any point; - thea 1s3xT s homeomorphc - to - T and .

hence .is comected. So the restriction of £ h §s3xT SR
must be constant) assume - without Joss of Senef‘am-)'

that  £(s.,t)=1 £ all ¢eT. [ Ise

S‘.milarly, for each +¢T, we can restrict £ to
Sx{t3, which is homeomorphic T S and thus comnected.
This implies § is constant on each such svbset. Since
(s0,8) € Sx$3 and F(so,8) =1, i must be that F(s,4)=1
for all (s,8) ¢ Sx 3. The same arjumni' applies for all
teT, so F(s,4)=1 for all (s,6) ¢ SxT: Therefore,

f is constant on SxT, meoning  that there is no continuous
Sur jection ST - &°.
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