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Wh@zr& 1S 'Hie “Q'U-D‘Hel\'l'" ‘ll\ a q'uo‘i‘;el\',' SPace?

Cons'.de.r the remainders after Jivial.hj in’resers,

For exom‘ole, when J:«.‘J.'AJ on ;m‘eder Io/ S, the result is  either
0111 713; or LI, T"“-"/ we (an Jc'F-'II& a Maf 'H\a‘l' seMlS eaol\
'M'eser s remainder oH-er division b)/ S:

b2 Zhp = 01,2395
0s10.. /> O

L6l — 1 Tn abstract alje.km,

This mop

vwmmsmlmw 2, H 2 2 He notation Z/5%  denctes

inte set‘z: ;,dcaifs ?3) g 13/ P73 fhe quotint groop of integers

::::,sl;“ sv‘: < 4, q/ Y . +——=uy 0,1,2,3,9  with anthmetic

‘w.}a"" * mod S (o»‘, consider remeinders
after division b S).

(RuoTIENT Seaces N TopoLoGY
We caa qvoHeni' h/ a subspacc.
EXample, from the texct:

X
C[(;sed' 0‘:: (,o"a pse Hhe
" Low\dory of - the
plae R
disc to a point

\_ﬂ‘/j
Eowday of the die

I‘F X is a 'I'Dpoloj.‘ca{ space aAa( AGX s a subs‘oace, Hhen

'H‘(’/ Q,"°+'.e“+ SP"‘-& X/A is the set (X'A>1L {*f, where we have
repl.ud A W"'H\ a peW Poin"' de/\o{‘ed ¥*,

(_M\ open sef cnn'h:‘nf;j)ﬂ
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A Set UC (X'A).I.L{K§ X Of)el\ if and enl7 f‘F T\'-'(U) 'S oren in X,
where 7 X = (X-A)IL {2} 15 he map defined m(x)=x f x¢A and

mx =% if xeA,

More senera”y, we  can c(_uo"’l.enf’ B/ an_equivaleace relation.

An equiwnlence l’ela'l'o'on (s [/} h:nor): relation ~ on & sef )( ‘I’lml' 18!

o teflexive : a~a £ all ac X,

° Symme'l'r:c" |'F 0«""0, 'I'I\en L"‘“/

¢ transitive: F a~h and b~¢, Hhena a~cC .

£ ~ is an eQw'valenca relation on X, then we can form  the

quotient set X/\, (_or\s'us-i'inj of equivalence closses of elements of

X under ~. Tl\z V\m"Ural -Fdnc.‘h'on 1A 'I'akes eacln e(ehen'l’ oia X ‘I‘O

The Q'uoHel\"' Space is  the sef X/N,

its e.a(‘u?valeace, class.
with a svbset Uc XA open it and or\ly i Tl'-'(U) is open.
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Quotient Spaces
MATH 348

1. Describe each quotient space given by X/ ~.

(a) X = {a,b,c,d,e} with the topology {0,{a},{a,b},{a,b,c},{a,b,c,d}, X}. Define an
equivalence relation on X by a ~band ¢ ~d ~ e.

X/N is a tuo- point set °°A+"'“""3 A= {a,bz ond B i@d,e}
O‘:a\ et 252{/ A/ {A/B%E

(b) X =[0,1] withx ~ 2" ifx—2" €Z

D~1 S'

() X =1[0,1]2 with (z,y) ~ (2’,y) ifr —2’ € Zand y—y €7
_ — 2 | |
T %& z SxS
(A
&> N
2 2
T /;‘/)(:[:DI']
(d) X =1[0,1]> with (z,y,2) ~ (2’,y/,2)ifx —2' € Z,y—y €Z,and z— 2" € Z

2~ Forvs
T3 ~ SIXS/XI

{x if z € [0,1]

r—1 ifzxef2,3

Do you think that the map f allows us to consider Y to be a quotient space of X7 Why or
why not?
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3. Suppose X is a topological space with equivalence relation ~. Let @ be the quotient space
X/ ~, and let 7w : X — @ be the projection (quotient) map.

(a) If S is any other topological space and f : Q — S is continuous, explain why there
exists a map g : X — S such that the following diagram commutes.

(b) If g : X — S is any continuous function such that g(z) = g(y) whenever = ~ y,
explain why there is a continuous function f : @ — S such that the following diagram
cominutes.





