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2 November 2026

DeriNiTioN:  Let X add Y ke 'IvPOIOJl'La‘ Spaces
ad £ X—=N be a Sar\'\ecf}ve map. Thee £ is a
0(:)0“2/\*' Map ,'(L each VeVY is oper in Y i€
ond " only £ (0) s open in X.

Homo‘\'opy'- Interpolation between functions

DeFIN | T IoN- TW Maps F, 3‘. S=>T ae homo‘bpic :‘F Yhere
s o tontinuous  function F: SX[O,ﬂ—?T Such  Hat
F(s,0y = #() ad F(s,1) = ol(s\ for all seS.,

In this case, F is a how-okp)/ between £ ond q, and we
write F=3.
tsymbo( ~ is \simeq in LaTeX
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Quotient Spaces
MATH 348

1. Describe each quotient space given by X/ ~.

(a) X = {a,b,c,d,e} with the topology {0,{a},{a,b},{a,b,c},{a,b,c,d}, X}. Define an
equivalence relation on X by a ~band ¢ ~d ~ e.

X/N is a tuo- point set °°A+"'“""3 A= {a,bg ond B i@d,e}
O‘:a\ et 252{/ A/ {A/B%E

(b) X =[0,1] withx ~ 2" ifx—2" €Z

D~1 S'

() X =1[0,1]2 with (z,y) ~ (2’,y) ifr —2’ € Zand y—y €7
_ — 2 | |
T ”é& z SxS
(A
&> N
2 2
T /i/)(=[01’]
(d) X =1[0,1]> with (z,y,2) ~ (2’,y/,2)ifx —2' € Z,y—y €Z,and z— 2" € Z

2~ Forvs
T& ~ SIXS/XI

I E: if z € [0,1]
f(x)_{ac—l if z €[2,3]

Do you think that the map f allows us to consider Y to be a quotient space of X7 Why or
why not?

G{dfvulMu r&(o,('fan" 1M2 in X : lﬂl‘b\ \(: ></-'
quspaw." \( = ></§1, Z'i
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T‘\e.orem 5.67. in Cfosslcy

3. Suppose X is a topological space with equivalence relation ~. Let @ be the quotient space
X/ ~, and let m: X — @ be the projection (quotient) map.

(a) If S is any other topological space and f : Q — S is continuous, explain why there
exists a map g : X — S such that the following diagram commutes.

Le_‘\' 3 = 'ro T,
T hen S(x\ = ('PO“)(XB for all xeX,

i .- . -Hon_s.
and 3 e (ontinuous as a whp"-ﬂ""’\ D‘F continue us fune

(b) If g : X — S is any continuous function such that g(z) = g(y) whenever = ~ y,
explain why there is a continuous function f : @ — S such that the following diagram

commutes.
X
‘ \
™
/
Q > 5

Define. £ QS by £E)=gk) & E s e equivalnce cles
Qan-\'ain]ns x. Note Hhat £ y‘E/ he y~%, <o 3(x3=3(7], and  Hhus
’;(E\‘—S(\D. Thus, it does net mouther which element of E we choose

A define G(E\, < -L s well defined. Hence, 4= fon.

TO 5hou '(: is  continuo us, let U be an o P_M xe‘} = S Tl‘u\'-
§(0) = (£ ) = (V)
Siace N is continuous, {‘(U) s open. That s, ! (f"(U)\ s open.

S'W-Q, (.Q \\os -\'\\e %voi'ien“' ‘}o‘)o\ojyl 'n“ o( a set i o‘oen r(: and

on\/ i that ot ¢ open, Se K"('F"(U‘)) \\einj open '\Mplies -(""(V) is

open. Therefory, £ ¢ centinucus.
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