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Quotient Spaces
MATH 348

1. Describe each quotient space given by 𝑋/ ∼.

(a) 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} with the topology {∅, {𝑎}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑐, 𝑑}, 𝑋}. Define an 
equivalence relation on 𝑋 by 𝑎 ∼ 𝑏 and 𝑐 ∼ 𝑑 ∼ 𝑒.

(b) 𝑋 = [0, 1] with 𝑥 ∼ 𝑥′ if 𝑥 − 𝑥′ ∈ ℤ

(c) 𝑋 = [0, 1]2 with (𝑥, 𝑦) ∼ (𝑥′, 𝑦′) if 𝑥 − 𝑥′ ∈ ℤ and 𝑦 − 𝑦′ ∈ ℤ

(d) 𝑋 = [0, 1]3 with (𝑥, 𝑦, 𝑧) ∼ (𝑥′, 𝑦′, 𝑧′) if 𝑥 − 𝑥′ ∈ ℤ, 𝑦 − 𝑦′ ∈ ℤ, and 𝑧 − 𝑧′ ∈ ℤ

2. Let 𝑋 = [0, 1] ∪ [2, 3] ⊂ ℝ and 𝑌 = [0, 2] ⊂ ℝ. Define 𝑓 ∶ 𝑋 → 𝑌  as

𝑓(𝑥) = {
𝑥 if 𝑥 ∈ [0, 1]
𝑥 − 1 if 𝑥 ∈ [2, 3]

.

Do you think that the map 𝑓 allows us to consider 𝑌  to be a quotient space of 𝑋? Why or 
why not?
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3. Suppose 𝑋 is a topological space with equivalence relation ∼. Let 𝑄 be the quotient space 
𝑋/ ∼, and let 𝜋 ∶ 𝑋 → 𝑄 be the projection (quotient) map.

(a) If 𝑆 is any other topological space and 𝑓 ∶ 𝑄 → 𝑆 is continuous, explain why there 
exists a map 𝑔 ∶ 𝑋 → 𝑆 such that the following diagram commutes.

𝑋

𝑄 𝑆

𝜋
𝑓

(b) If 𝑔 ∶ 𝑋 → 𝑆 is any continuous function such that 𝑔(𝑥) = 𝑔(𝑦) whenever 𝑥 ∼ 𝑦, 
explain why there is a continuous function 𝑓 ∶ 𝑄 → 𝑆 such that the following diagram 
commutes.

𝑋

𝑄 𝑆

𝜋
𝑓

𝑔
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