ToroLoey, Day 17

10 Novemker 2026

HoMmoTo®\C FUNCTIONS

Definition: Two maps f,g : S — 1T are homotopic if there is a continuous

function
F:Sx[0,1] —T

such that F(s,0) = f(s) for all s € S and F(s,1) = g(s) for all s € S. In this
case, F' is a homotopy between f and g, and we write f ~ g.

HOMoTOPY . E QUIVALENT  SPACES

Definition: Two topological spaces S, T" are said to be homotopy equivalent
if there are continuous maps f : S — T and g : T' — S such that go f is
homotopic to the identity on .S and fog is homotopic to the identity on T'. The
maps [ and g are then homotopy equivalences. If S and T" are homotopy

B

;—-—/

3
U idg U‘AT

equivalent, then we write S ~ T.
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Homotopy and Connectivity
MATH 348

Theorem: If X is a connected topological space and Y is a disconnected topological space,
then X and Y are not homotopy equivalent.

Use the following diagram and outline to complete a proof of the previous theorem.

Let X is a connected topological space and Y is a disconnected topological space. Suppose
X ~ Y. Consider the maps in the following diagram.

£
X Y __r
o > 1
/ . v .1

1. Why does there exists F': Y x I — Y such that F(y,0) = f(g(y)) and F(y,1) = y?

S‘mcg X'i Y/ 'p°3 = ‘J‘f So 'H\O_z—e. <o —(:Mc,fia,\ F: \/"T_"\/

soch Mot £y, 0)= £(3ly)

md F(Y/ i\ =Y
2. Why does there exist p : Y — S? with p(y) =1 if y € U and p(y 17 —11fy€V7

y\on

Smce Y s dscomnected, fet  exists d.s\\o.d— opor sef3 wd N
&JJ\ \‘Lw‘- \{:UUV- DQ.‘F\'ML P Y—>S cuch that ﬁ(y)‘-i Ifyc—()'

tadk P("l\ v -1 i ye Vo & P s ConFinvovs  anq SQr\')eJrfue.
. Define h: [0,1] — S° by h(t) = p(F(v,t)). What can you say about h?
S{me X s ooanected, vithat loss of W{.'.l7 48Supe  im (.p) c U

Sime, V i wet ewmply, thee eXists  some NEAY Ther define ['\(Q"P(F('Vlé\)

£ corkinens  Fuachions.

9

L\ s u,,\‘\’lrnuNS, as a C,om?os:“oa o

4. Why is h(0) = 1 and h(1) = —1? What does this allow you to conclude?
ﬂw\'- h(o)= fU;('VI 0)5 = P(F(.SR’VD) =1 she f (ﬁ(ﬂ\) e U.

k(ﬁ :TQF(”’ ﬂ) - E(V> ==L siie weV
idy So b is o continvons sorjetion for [01) o S whicd s

Now that you understand all of the steps in the proof, write the proof nicely in paragraph form 4 ©* indictis.

on YOUT ot paper- Thm'&l‘e/ X and Y are  nof k"”"’*”?’ c’%":wll/\”'
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Circle Maps
MATH 348

1. What circle maps are shown in the following graphs? {(93:‘
{(6)= 4= {o)-0+%

He)= 26 ¥I9|- 27-0

degroe L deqree - 4

2. What is the degree of each of he c1rc1e maps graphed above? How about each of the
following?

3. Sketch the graph of a circle map with degree 5. Then sketch a circle map with degree —2.

2’

Aﬁree
S

4. Prove the statement: If a circle map f : S' — S! has a nonzero degree, then it is surjective.

ContpAPOSITIVE: TF £ is et Sorjed-.‘ve, then there s some poin'l-
on S| "’[\a"' ;S ﬂo+ ia ‘Hl(, imaﬂo. OF 1l| T“e/\ ‘F

Con't wrap oround Sl/ o F must  have 2ero Jejree.

5. Under what condition, do you think, are two circle maps are homotopic? Why?

-(:Zj 4 and on|7 = £ oand ﬂ have the same Jejree.

REFERENCE: C_rossley, Sec. 6.3
AAMAS and Franzosa, Sec. 9.6

6. Is the circle S contractible? Can you prove your answer? No, < is et contractible.
PROOF BY (oNTRADCTION: Suppse  S'= {03, wih homotopy equivalences f:S'={83 and ¢ {35
This means that (3")(9)=3(0) e all B€S, so 3&\1‘: S =< is a constant function, Meaning
3,4 s o circle map of degree  zero. Bub  the identity map on S hes deqree 1,
j{: canmot be homofopic b He Tdentdty map, contradictivg the statement that £ and g “

honotopy equivalences. Se, &' is owet kwo’mpy equivaleat o {03.
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